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Introduction:

In Mathematics Algebraic structures play an vital role with many of real time applications in many
of the fields such as theoretical physics, control engineering, coding theory, information sciences
etc. In the 19th century ternary algebraic operations were considered by several mathematicians.
In 1934 the Hyper structure theory was introduced by F. Marty [46] in that article he discussed the
concept of hyper groups based on the notion of hyper operation. Later he begin to analyze the
properties and applied them to the groups. After that In year 2020, D. Madhusudhana Rao was
investigated the concept of hyper ideals in ternary semi hyper rings. One can go through
references for preliminaries.

“(zero)-simple ternary semi hyper rings”:

Here In this part we will be developed the concept and “characterize” the “(zero-) simple ternary
semi hyper rings”. Some of the properties are invented in terms of “hyper ideals”.

Definition 3.1: Let H; be a ternary semi hyper ring with zero element , then H; is said to be a
simple if H; does not contain any proper hyper ideals.

Example 3.2: 3. Let H; = {ay, by, ¢1, d1, €3, f1} and [xu, Y1, Z1]=(X1* y1) * z1 for all x4, y1, z1 € H1, where
@, * is defined as follows:

(%3] a; b; C1 d; e fi

a; {bs, c1} {bs, c1} {bs, c1} {bs, c1} {bs, c1} {b1, c1}

bs {as, c1} {as, c1} {as, c1} {as, c1} {as, c1} {as, c1}

C1 {as, b1} {as, b1} {as, b1} {as, b1} {as, b1} {as, ba}

C/l H1—d1 H1—d1 H1'd1 H1'd1 Hl'dl Hl'dl
Hi-e; Hi-e; Hi-e; Hi-e; Hi-e; Hi-e;

€1

fi H1-f1 H1-f1 H1-f1 H1-f1 Hi-f1 Hi-f1
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Then (Hy, 6, [ 1) is a ternary semi hyper ring. Here does not contains any proper hyper ideal of H;
therefore Hj is simple.

It is well known that if H; is a ternary semi hyper ring with zero, then we know that every
hyper ideal of H; contains a zero element.

Definition 3.3: Let (Hy, @, [ ]) be a ternary semi hyper ring with zero. Then Hj is called zero-simple
if it does not contain no non zero proper hyper ideal and [H; H; H1] # {0}.

Remark 3.4: Let ( H;, @, [ ]) be a “ ternary semi hyper ring” for any element h; € H; then the
“hyper ideal generated” by h; are respectively shown by

J(hl) =<h1>={h1} U[Hl Hi1 h1]U[ Hi h; H1]U[ Hi1 [H1 h; H1] Hl]U[hl H1 H1]

Lemma 3.5: Assume that (Hi, @, [ ]) be a ternary semi hyper ring. And let A z @ be non empty
subset of Hi, [H: HiA] U [H1 H1A H; Hi] U [H:A Hi] U [A H; Hi] U A is the smallest hyper ideal of
H; containing A.

Lemma 3.6: Let (Hy, @, [ 1) be a ternary semi hyper ring. And let A # @ be non empty subset of
H1, Hi, [H1, H1A] U [H1 HiA Hq Hi] U [H1A Hi] U [A Hi Hq] is the hyper ideal of H.

Theorem 3.7: Let (Hi, @, [ ]) be a ternary semi hyper ring without zero. Then the following
conditions are equivalent.

1. H; is simple
2. Va;€Hy, [HiHih] Y[ Hi hiHi] Y [ Hi [ Hihg Hi] Hi] Y [ hsHi Hi] = Hy
3. V a; € Hy, < hy>=Hs.

Proof: Now we will show that (1) implies (2):

Assume that H; be a simple, by the known result lemma 3.6, we will have

V @1 € Hy, [H1 Hihg] Y [ HihaHi] Y [ Hy [HhaHi] Hi) Y [ haHa Hil = Ha.

Now to show that (2) implies (3) :

By the known result lemma 3.5,

< hy > =[H1 Hihg] U [H1 Hihz Hi Hi] U [H hgHa] U [hg Hi Ha] U { hs} = H1 U { ha}= Ha
Now we have to show that (3) implies (1) :

Let A be a hyper ideal of H; as well as h; € A. Then H; = < h; > € A € H; implies that A = H,.
Therefore, Hiis simple.

* a; bl C1 d1 (=51 fl
ai a; b; C1 C1 e €
bl bl bl dl dl fl fl
C C1 d; C di C1 C1
dl d1 d1 d1 dl dl dl
e: e: f1 C1 C1 e fi
fl fl fl dl dl fl fl

Theorem 3.8: Let (H1, @, [ ]) be a ternary semi hyper ring with zero. Then the below conditions
are true.

1. If H, is a (zero)-simple. Then V h; € H1\{0}, < h; > = H;.
2. If V h; € Hi\{0}, < h: > = H;. Then either [H1 H1 Hi1] = {0} or H; is (zero)-simple.

Proof:
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(1): Given that H; be a (zero)-simple. Then V h; € Hi\{0}, < h; > is non-zero hyper ideal of Hj.
Therefore, V h; € Hi\{0}, < h; > = H1.

(2) : Given that V h; € Hi\{0}, < h; > = Hy1. Then either [H1 H;1 H1] # {O}.
Let us assume that A be a non zero hyper ideal of H;. Let h; € A\{0} = <h;>=H; S AC H;.
Therefore A = Hi. Hence H; is a (zero)-simple.

Theorem 3.9: Any non empty intersection of a the family of hyper-filters of a ternary semi hyper
ring H.is also a hyper-filter of H;.

Theorem 3.10: The Union of any family of “hyper ideals of a ternary semi hyper ring” H; is also a
“hyper ideal” of H;.

Theorem 3.11: Let us assume that (H;, @, [ ]) be a ternary semi hyper ring and let A be a hyper
ideal of H;. LetS is a ternary sub semi hyper ring. Then the below conditions are to be true.
1.IfSis asimpleso thatSN A= @, thenS S A.

2.If S is a (zero)-simple so that S\{0} N A # @, then S S A.

Proof: (1): Given that S is simple so that SN A # @. Let h; € S[1 A. By the known result lemma
3.6, [H1 Hi hz] U [H1 H1 b1 Hy Hi] U [Hy h; Hi] U [hzH: Hi] N Sis a hyper ideal of S. Then we have
[H1 H1 h1] U [H1 H1 hz H1 Hi] U [H1 hzH1] U [h Hi H4l Ns=S

=SC [H; H1 hy] U [H1 Hy h; Hi Ha] U [Hy1 hzH4] U [h; Hi Hi] € [H1 H1A] U [H1 HiA Hy Hi] U [H1A HiJ U
[A Hi Hi] € A. Therefore, S € A.

(2): Let us assume that S is (zero)-simple such that S\{0} N A # @. Let h;€ S\{0} N A. By lemma 3.5,
and theorem 3.8 (1),

wewiIIgetS=<h1>={h1} U[ Hi1 H1h1]U[ Hi h; H1]U[ Hi [H1h1H1] H1]U[h1 Hq H1] ns g<h>={
h} U[ Hq H1h1]U[ H1 h; H1]U[ H1. [H1h1H1] H1]U[h1 Hq H1] C<h> c A.
Therefore S € A.

Theorem 3.12 :

Let H;,be a ternary semi hyper ring then the below conditions are equivalent.

(1) Principal hyper ideals of H; form a chain.

(2) Hyper ideals of H; form a chain.

Proof :

Now we will show that (1) implies (2) :

Suppose that principal hyper ideals of H; form a chain.

Let us assume that A, B; be two hyper ideals of H;. Suppose if possible A; & B, B1 & A;.

Then there exists a € A;\ B: and b € B1\ As.

Since a; E A; > <a; > C A; and since b; € B1 = < b; > C B,.

Since principal hyperideals form a chain, either<a; > S <b;>or<b; > << a; >.

If<a;>CS < b; >, then a; € < b; > € B;. Which is a contradiction.

If <b;>CS <a;>, then b; E<a; > S A;. Which is also a contradiction.

Therefore either A; € B; or B; € A; and hence hyperideals from a chain.

Now we have to show that (2)implies (1) :
Suppose that hyper ideals of H; form a chain.
Therefore principal hyper ideal of Hiform a chain.

Minimal & Maximal hyperideals of ternary semi hyperrings:

In the below section, we will give some of the important properties of (zero-) minimal hyper
ideals and (zero)-maximal hyper ideals of ternary semi hyper rings and explained about the
relationship between the (zero-) minimal hyper ideals, (zero )-maximal hyper ideals and the (zero
)-simple ternary semi hyper rings.
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Definition 4.1: Let a ternary semi hyper ring (H1, @, [ 1) having without zero. And let a hyper ideal
A of Hj is said to be as minimal hyper ideal of H if there does not having hyper ideal B of H; such
that B € A.

Definition 4.2: Let a ternary semi hyper ring (H1, @, [ ]) having with zero. And a hyper ideal A of H
is known as zero -minimal hyper ideal of H, if there does not having non zero hyper ideal B of H
such that B € A.

OR

Let a ternary semi hyper ring (Hi, @, [ ]) having with zero. And a hyper ideal A of Hj is known as
zero-minimal hyper ideal of H; if for any hyper ideal B of Hisuch that B € A, we get B = {0}.

Theorem 4.3: Let a ternary semi hyper ring (H1, @, [ 1) without zero and A be a hyper ideal of
Hi. Then the below conditions are true.

1. Aissimpleif and only if Ais a minimal hyper ideal without zero of H;.
2. If Aiis a minimal hyper ideal of H; with zero, then A is a (zero-) simple.

Proof: (1):

Let A be a minimal hyper ideal of H without zero. Let B be a hyper ideal of A. Then we get [AAB]
U [AABAA] U [ABA] U [BAA] N B is a hyper ideal of B. Then we have [AAB] U [AABAA] U [ABA] U
[BAA] N B = B =AC [AAB] U [AABAA] U [ABA] U [BAA] <€ B. Therefore, AC B and hence A is
equal to B. Therefore, A is a simple.

Conversely, assume that A is a simple and B is hyper ideal of H; so that B € A. Then we will
get BN Az @. By known theorem 3.11(i) we will have A € B = A = B. Therefore A is the minimal
hyper ideal of H.

(2) The proof of (2) is similar to above (1).

Theorem 4.4: Let a ternary semi hyper ring (H1, @, [ ]) with zero and A be a non zero hyper ideal
of H. Then the below conditions are to be true.

1. If A is a (zero)-minimal hyper ideal of H. Then either there exist a nonzero hyper ideal B
of A such that [AAB] U [AABAA] U [ABA] U [BAA] = {0} or A is a (zero)-simple.
2. If A is a (zero)-simple, then A is a (zero)-minimal hyper ideal of H;.

Proof: The proof is same as the proof of theorem 4.3(1) and the theorem 3.11(2).

Theorem 4.5: Let a ternary semi hyper ring (Hy, @, []) without zero having proper hyper ideals.
H contains exactly one proper hyperideal of H: or H; contains exactly two proper hyperideal A;,
A; such that A; U A; = H; and A; N A; = @. Then if and only if every proper hyper ideal of H; is
minimal

Proof: Assume that any proper hyper ideal of H; is minimal and A be a proper hyper ideal of H;.
Then A will be have a minimal hyper ideal of H;. Then we get the following cases.

Case-1: V a € H)\A, H1 =< a >. Let Bis any proper hyper ideal of H; and B # A, then since A is
minimal hyperideal, we get B\A # @. Hence 3 g € B\A € H;\A. Therefore Hy=<a>ZS B S Hy, s0 B
= H;. This is a contradiction and hence A = B. Therefore in this case A is unique proper hyperideal
of H.

Case-2: 3 a € H)\A, H1 # < a > We have <a > # A and < g > is a minimal hyper ideal of H;. By
known theorem3.10, < a > U A is a hyper ideal of H;. Since A € <a > U A. Hence by hypothesis of
our theorem we will get<a>UA=H;. Here<a > AC<a>and<a>isthe minimal
hyperideal of H. Therefore <a > A= @. Let B be the any other proper hyper ideal of Hy, then B
is a minimal hyper ideal of H;. WeobtainB=BNnH=Pn(<a>UA)=(Pn<a>U(PNA). IfPn
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Az @. Since B and < a > are minimal hyperideals of H. We get B = < a >. In this case H contains
exactly two proper hyperideals A and < g >suchthat<g>UA=Hand<a>nA=0.

Converse part is obvious.

Theorem 4.6: Let (H, @, [ ]) be a ternary semihyperring with zero having nonzero proper
hyperideals. Then every nonzero proper hyperideal of H is 0-minimal if and only if H contains
exactly one nonzero proper hyperideal of H or H contains exactly two nonzero proper
hyperideal A;, A; such that A; U A, =H and A; N A; = {0}.

Proof: Proof is similar to the proof of theorem 4.5.

Definition 4.7: Let (H, @, []) be a ternary semihyperring. A hyper ideal A of H is known as maximal
hyperideal of H if for every hyperideal B of H such that A € B we have B = H.

Theorem 4.8: (H, @, [ ]) be a ternary semihyperring with zero having proper hyperideals. Then
every proper hyperideal of H is maximal if and only if H contains exactly one proper hyperideal
of H or H contains exactly two proper hyperideal A;, A; such that A; U A;=Hand A; N A, =0.

Proof: Suppose that every proper hyperideal of H is maximal and A be a proper hyperideal of H.
Then A be a maximal hyperideal of H. Then we get the following cases.

Case-1: Va € H\A, H=<a >. If Bis also proper hyperideal of H and B # A, then since A is maximal
hyperideal, we get B\A # @. Hence 3 a € B\A € H\A. Therefore H=<a>CS B S H,soB=H. Thisis
a contradiction and hence A = B. Therefore in this case A is unique proper hyperideal of H.

Case-2: 3 g € H\A, H#<a> We have <a># A and < g > is a maximal hyperideal of H. By
theorem 3.10, < a > U Ais a hyperideal of H. Since A € < a> U A and A is a maximal hyperideal of
H. Hencewe get<a>U A=H. Here<a > AC <a>and by hypothesis we have<a >N A= 0.
Let B be the any arbitrary proper hyperideal of H, then B is a maximal hyperideal of H. We obtain
B=BNH=Pn(<a>UA)=(Pn<a>U((PNnA) IfPNnAz%@. SinceBn<ag>and<a>are
maximal hyperideals of H. We get B =< a >. In this case H contains exactly two proper hyperideals
Aand<ag>suchthat<ga>UA=Hand<a>nA=0.

Converse part is obvious.

Theorem 4.9: Let a ternary semi hyper ring (Hi, @, [ 1) with zero having non zero proper hyper
ideals. Then H; contains exactly one non zero proper hyper ideal of H; or H; contains exactly
two nonzero proper hyper ideal A;, A; such that A; U A; = H; and A; N A; = {0} if and only if any
non zero proper hyper ideal of H; is maximal.

Proof: Proof is same as the proof of theorem 4.8.

Theorem 4.10: Let a ternary semi hyper ring (Hi, @, []). A proper hyper ideal A of H; is maximal
if and only if

1. H:\A = {h} and [H1 H1h] U [H1 H1Hh H;1 H;1] U [H1h H1] U [h H; H,] € A for some h € H;or
2. H1\A c [H1 H1h] U [H1 Hih H1 H1] U [H1h H1] U [h Hi H1] forallh € H1\A.

Proof: Suppose A is a maximal hyper ideal of H;. Then the following two cases are arising.
Case 1: 3 h € H;\A 3 [H1 Hih] U [H1 Hih Hy Hi] U [Hih H1] U [h Hy Hi] € A. By lemma 3.5,
AU {h}=AU [Hy Hih] U [H1 H1h Hy H1] U [H1ih Hi] U [h Hy Hy] U {h}

=AU {[HiHih] U [HiHihHi Hi] U [HithHi] U [hHi H]J U {h}}=AU < h>.

Since A U < h > is a hyperideal of H;, A U {h} is a hyperideal of H;. Here A is a maximal hyperideal
of Haswellas AS AU {h}. We get AU {h}=H. Therefore H\A = {h}.

Case 2: For any h e H1\A, [H1 th] U [H] H1h H1 H1] U [th Hl] U [h H1 Hl] .¢_ A. Since
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[H1 Hih] U [H1 Hih Hi1 Hi] U [Hih Hi] U [h Hi Hql is a hyper ideal of H;. By known result lemma 3.6,
and theorem 3.10, A U [H; Hih] U [H1 Hih Hi H1] U [Hih Hi] U [h Hy Hi] is a hyper ideal of H; as
wellas AS AU [H; Hih] U [H1 Hih Hy Hi] U [Hih Hi] U [h Hy Hy]. Since A is maximal hyper ideal of
Hi and hence

A U [H1 Hih] U [H1 Hih Hy Hi] U [Hih Hi] U [h H1 H4] = Hi. Therefore, for all h € Hi\A we get H;\A
C [H1 H1h] U [H1 Hih Hi Hi] U [Hih H1] U [h Hy H4).

Conversely, suppose that B is a hyper ideal of H; such that A € B. Then B\A z @. If H;\A =
{h} and [Hl th] U [Hl H1h H1 H1] U [th H1] U [h H1 H1] C A for some h € H1. Then B\A c Hl\A =
{h}. Thus B\A = {h} and hence B = A U {h} = Hi. Therefore, A is a maximal hyper ideal of H;. If
Hl\A c [Hl th] U [Hl Hih H; Hl] V) [H1h Hl] V) [h Hi H1] forallh € H1\A Then Hl\A c [H1 HlX] U [H1
H1X H1 Hl] U [HlX Hl] U [X H1 Hl] c [H1 H1B] U [H1 H1B H1 H1] U [HlB Hl] U [B H1 H1] CBforallxe
B\A. Therefore, H;= H]\A U A € B C H; and hence B = H;. Hence A is a maximal hyper ideal of H;.

Note 4.11: Let a ternary semi hyper ring (Hi, @, [ ]). Let U indicate union of all proper hyper
ideals of Hj.

Lemma 4.12: Let a ternary semi hyper ring (H;, @, []). Then W =H,iff<h>#H,V h €H,.

Theorem 4.13: Let a ternary semi hyper ring (Hi, @, [ ]) without zero. Then any one of the
below statements are satisfied.

1. H, is simple

2. Vh€EHy, <h>#Hs.

3. JheEHD<h>=H,h¢& [H1 H1h] U [H1 H:h Hy H1] U [H1h H1] U [h H: H1] cu-= H1\{h} and
W is the maximal unique hyper ideal of H;.

4. H:\¥ = {h € H; : [H1 H:h] U [H1 H1h H1 H1] U [H1h H1] U [h H1 H4] = H1} and W is the maximal
unique hyper ideal of H;.

Proof:Let us assume that Hi is not simple. Then ] a proper hyper ideal of Hi which implies that U
is a hyper ideal of Hy, then we get following cases.

Case -1: Let us assume that U = Hi. by the known result
Lemma 4.12, implies that V h € Hy, < h > # H; and hence condition (2) is satisfied.
Case- 2: Let us assume that U # H;.

We get U is the maximal hyper ideal of H;. Suppose A is the maximal hyper ideal of Hi. Then since
A'is a proper hyper ideal of H;, we will have A € U © H;. But Ais a maximal hyper ideal of H;, we
obtained A = . Therefore U is the maximal unique hyper ideal of Hi. By the known theorem 4.10,
gives

(a) H:\U = {h} and [H1 H1h] U [H1 Hih Hi Hi] U [Hih Hi] U [h Hi Hi] € U for some h € Hy or
(b) V h € H\U, H,\U € [H; Hih] U [H1 Hih Hi Hi] U [Hih Hi] U [A Hy Hyl.

Suppose that, H\U = { h } and [H1 H1h] U [H1 H1h Hy H1] U [H1h Hi] U [h Hy Hy] € U for some h € H;.
Then [H1 Hih] U [Hi Hih Hi Hi] U [Hih Hi] U [h Hi Hi) € U = H\{h}. Since h ¢ U, we get < h > = H,.
If h € [Hy Hih] U [H1 Hih Hi Hi] U [H1ih Hi] U [h Hy Hil, then {h} € [H1 H1h] U [H1 Hih Hy Hi] U [Hih
Hi] U [h H1 Hi]. By known theorem lemma 3.5, implies Hi= < h > = [H1 H1h] U [H1 Hih Hy Hi] U [Hih
Hi] U [h H1 H1] U {h} € [H1 H1h] U [H1 Hih H1 Hi] U [Hih Hi] U [h Hi H1] € [Hi H12] U [Hi H1ZHy Hy)
U [Hi4Hi) U [UHy Hi] U U =UC Hy. Therefore we get H; = U. Which is impossible and hence h &
[H1 H1h] U [H1 Hih Hy Hi] U [Hah H1] U [h Hy Hi] and so the condition (3) is satisfied.

Let us suppose that for all h € H\U, H,\U € [H; Hih] U [H1 Hih Hi Hi] U [Hih Hi] U [h Hq Hyl.
Let h € Hi\Y, then h € [H1 Hih] U [H1 Hih Hi Hi] U [Hih Hi] U [h Hi Hil. So {h} € [H1 Hih] U [H1 Hih
Hq Hl] U [th Hl] U [h Hq Hl] So by Lemma 35, |mp||es <h>= [H1 H1h] U [H1 H1h Hq Hl] U [H1h Hl]
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U [h H1 H1] U {h} = [H1 H1h] U [H1 H:ih Hy H1] V) [H1h H1] U [h H1 Hl]. Since h & U. We get< h>=H;.
Therefore, Hi=<h>= [H1 th] U [H1 H.ih H1 H1] U [th H1] U [h H1 H1].

Conversely, let h € H such that [H; Hih] U [H1 Hih Hi Hi] U [Hih Hi] U [h Hi Hi] = Hy. Let h €,
then < h> S U c H; By the known theorem lemma 3.5, implies < h > =[H; Hih] U [H1 Hih Hy Hi] U
[Hih H1] U [h H1 H1] U {h} = H1 U {h} = H1. Which is a contradiction and hence we have h € H,\U
and |mp||es that Hl\lI = {h € H;: [H1 H1h] U [H1 Hih Hy Hl] V) [H1h Hl] V) [h H1 Hl] = Hl}and hence
the condition (4) is to be satisfied. Therefore, this completes the proof.

Theorem 4.14: Let a ternary semi hyper ring (Hi, @, [ ]) with zero and [H; H1h] U [H1 Hih Hy H4]
U [H1 Hih Hi H1] U [h Hy H4] # {0} . Then only below conditional statements are satisfied.

1. H; is (zero)-simple

2. VhEH1,<h>¢H1.

3. FheHD<h>= H,, hé¢ [H1 th] U [H1 H:h H, H1] V) [H1h H1] V) [h H, H1] cCUu-= H1\{h} and
W is the unique maximal hyperideal of H.

4, H1\u = {h €EH;: [H1 H1h] U [H1 H:h H; H1] V) [th H1] V) [h H, H1] = H1} and U is the maximal
unique hyper ideal of H;.

Proof: The proof is same the proof of Theorem 4.13.

Conclusion: We will introduce the notion of simple, (zero)- simple and characterize the minimality
and maximality of hyper ideals in ternary semi hyper rings. The relation between the minimality
and maximality is investigated in ternary semi hyper rings extending and generalizing the
analogues results for ternary semi rings.
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