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Abstract:

Inventory is one of the most expensive and important assets to many companies. In this paper, inventory model
for both buyer and vendor are considered together under fuzzy situation and whose parameters are different fuzzy
numbers. Aim is to minimize the integrated total cost function. Signed distance method and Graded Mean

integration method are used for defuzzification process. A numerical example is given to demonstrate this method.
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1. INTRODUCTION
In traditional inventory management systems, the economic-lot-size (ELS) for a vendor and a purchaser
are managed independently, that is, the vendor finds their own optimal order quantity. As a result, the
ELS of purchaser may not result in an optimal policy for the vendor and vice versa. To overcome this
problem, researchers have studied joint economic lot size (JELS) model where the joint total relevant
cost (JTRC) for the purchaser as well as the vendor has been optimized. Goyal [1] first introduced an
integrated inventory policy for a single supplier and a single customer and derived the minimum joint
variable cost for the supplier and the customer. Banerjee [2] introduced the JELS model for a single
vendor and a single customer and obtained the minimum joint total relevant cost for both buyer and
vendor at the same time with the assumption that the vendor makes the production set up every time
the buyer places an order and supplies on a lot for lot basis. An integrated inventory model that allows
the two trading partier to form a strategic alliance for profit sharing may prove helpful in treating down
the traditional barrier.

Various types of uncertainties and imprecision is inherent in real problems. They are classically

modeled using the approaches from the probability theory. However, there are uncertainties that
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cannot be appropriately treated by usual probabilistic models. The question arise how to define
inventory optimization tasks in such environment and how to interpret optimal solutions. Therefore it
becomes move convenient to deal such problems with fuzzy set theory rather than probability theory.

Fuzzy concepts have introduced in EOQ models. Park developed a fuzzy EOQ model using
extension principle. In 1999, Chang presented a membership function of the fuzzy total cost of
production inventory model and use extension principle and centroid method to obtain an estimate of
the total cost and to obtain an estimate of the total cost and to obtain the economic production

quantity.

1. PRELIMINARIES
2.1 Fuzzy set

Let A be a classical set, 1Lz(x) be a function from A to[0,1]. A fuzzy set A with the membership function
1Lz (x) is defined by

A= {x, uz(x));xeA, uz (x) €[0,1] J.
2.2 Fuzzy Number

A fuzzy subset of real number with membership function gtz : R - [0,1] is called a fuzzy number if

1. A is normal, that is there exists an element Xo such that Ly (xo)=1
2. Ais convex that is g (Axa+ (1-A) x2) 2 pg(xa) A g (x2) ¥'xa, x2e R& A €[0,1]
3. [z is upper semi continuous;

4. Supp(A)is bounded, here Supp(A) = supp {X €R: 1z (x) > 0}.
2.3 Triangular Fuzzy number

A fuzzy number A= (a1, a,, as) with a:< a,< as is triangular if its membership function is

defined as
== whena, <x < a,
T~y
Hi(x)= == when a, < x < a
A a—a; z= = M3
0 otherwise

2.4 Pentagonal Fuzzy Number

A pentagonal fuzzy number A= (a,b,c,d,e) is represented with membership function fiz (x) as
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—

x—a
bh—ea

wWhena<=x = b

x—bh

— whenb=zx <c
c—b

g (x)= 1 ,when x=c

d—x
—,whenc< x <d
d—c

2 whend=x <e
g—d
0 otherwise

2.5 Fuzzyarithmeticaloperations in Triangular Fuzzy number
Suppose A = (a1, az, as) and B = (by, by, bs) are triangular fuzzy numbers then the
arithmetical operations are defined as
i. Addition

A+E =(a1+by,a:+by,as+bs)

iii. Subtraction
A - B =(a1- bs, ar-by, as-by)

jiii. Multiplication
A x B = (aibs, azb,, ashs)

iv. Division

V. Scalar multiplication

ux A - {[cm:l, aa,, aaz),oc = D}
" ((oag, 0a,,0a;), a <0

2.6 Defuzzification:

Let A be a fuzzy set defined on R. then the signed distance of 4 is defined as,

a,+la,+a

de(4, 0) = £ for defuzzifying triangular fuzzy number A= (a1, a;, a3).

Graded mean integration representation for defuzzifying the Pentagonal fuzzy number A= (a1,

gy tda,t dagt Jayt ag
1z

az, a3, 84 tg) is defined as de (4) =
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3.CRISP INTEGRATED INVENTORY MODEL

This section gives the classical integrated inventory model for both buyer and vendor.

3.1 Assumption and Notations:
Following assumption and notation are considered
3.1.1Assumptions:

1) The demand rate and production rate production rate are deterministic.

2) Manufacturing set up cost ,ordering cost , unit inventory holding cost for the vendor and the
buyer’s ,are known
Single vendor and single buyer are considered

3) Thereis a single product

4) Shortage are allowed

5) The vendor makes the production set up every time the buyer places an order and supplies on a

lot for lot basis.
3.1.2 Notations

d :demand

E. : Rate of production

€, : The production cost per unit

E_: The purchase cost paid by the purchaser per unit
A: The purchaser’s ordering cost per order

5, : The vendor’s set up cost per set up

T : Annual inventory carrying cost per dollar

g: The order quantity

3.2 THE MODEL FORMULATION

Based on the above notation and assumption, the total expected annual cost for the purchaser is given

byTEP, = Ordering cost + Holding cost
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Since A is the ordering cost per order, the expected ordering cost per year is given byG)A. The

expected holding cost per yearis TP, (E). Hence the total expected annual cost for the purchaser is

-
=

For the vendor’s inventory model, its expected annual cost can be represented by
TEV, = Set-up cost + Holding cost.

Since the vendor’s setup cost per up and the production quantity for the vendor in a lot will be mq, its

. d . . .

expected set up cost per year is given by(m—q)sr. Here we consider m=1, where m is an integer
. L d

Hence its expected set up cost per year in given by(;)SF.

The vendor produces the item in the quantity of mq, and the Purchaser would receive it m lots, with

which each having a quantity of q.

Average inventory cost for vendor is as follows,

mg

i
=L(m(1-5)-1+5)
—o\" 3 3

Since m=1We have the vendor’s holding cost per yearis r¥, {%) (J;i)

- _ (2 2\ (L
Hence the total expected annual cost for the vendor ISTEI{:—(qJSL,—FT‘I{: (:)(p)

Hence the joint relevant cost is given byF(g) = {E) (5,+4)+% (5 V., + F'E)

The objective is to find the optimal order quantity which minimizes the joint relevant total cost.
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On considering the derivative with respect to g and equated to zero we get,

| 2d(s, + 4)
d
r (EVG +P)
4. FUZZY INTEGRATED INVENTORY MODEL WITH FUZZY ORDER QUANTITY

4.1 Fuzzy Integrated Inventory Model with Fuzzy Order Quantity using Triangular Fuzzy
Number
In this section, we consider the integrated inventory model with all parameters as fuzzy and

they are represented by non-negative triangular fuzzy numbers as follows.

d= (dy,dy,d5)S,=(S,,, 5,5, V=V, Voo Ve.) B=(P..PB,.)

P [ R c , E)ﬁ =(A,, Ay, AT = (ry, 1y, 13)

Also the order quantity is represented by the triangular fuzzy number §=(q4,4,,q3) with
0= g, =4, = g3

Fuzzy total cost for purchaser = [[dﬂ (] ﬁ) & }1’] & [:P” & ﬁﬂ ® g]

Fuzzy total cost forvendor = [(d @ ) ®5,] & E RFRV.(d @ ﬁ,)]
The fuzzy total relevant cost of this model is
F@=[doae . 0l e[lere (@ @b)er k]

Which  is  reduced to triangular fuzzy number F(§) = (F,,F,F;)Where

d,(5, +A d,V, d, (5, +A4, .1y fds V.
= 1( L‘_+ 1)+qj-r1( : GL—I—PE‘_)F: = ‘[ -2 + L)+q‘.r‘( ; E5+P52)

! qu 2 Prws q! 2 ro
. dy [51:5 +J"13) g7 [ds Vcs
= + +F,
ql 2 'Pr.
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After  defuzzifyingF(§)by signed distance method we getP[F(§)] = E[Fl + 2F, + F;]

11|d,(5, +4 ry [d V. d, (5, +4; 1y [ d Vo
_= 1( . 1)+Q11 1 c:rp |42 [ 2 )+q“ 11 p
4 q3 2 B * 3 2 F. :

d(5, +4 Ty 3V,
+l3[ e 3)+QE3(3 B+Fc)l]
g4 2 P:'"-_ 8

Now differentiating P[F ()] partially with respect to g and equate to zero we get,

dq, 4 q3 2\ P,

(PIF@]) _ 1[—d3(535+ﬂa)+r_1(%” )]

(PLE(5 2d r_"'n' +4
a"pa—"q}]} = |:| Weget'ql = |_I51.‘__'FI'LE:—E:I
E '—lI_P _+P|:'-}
\ . Prg 1

| 2 di':‘["ll' +A1:| zd‘_l::'r"l:'a +A‘_:|

Similarly we obtain,g; = |—m72—— and gz = [——
?"zli_ ;r:z -I'J}l:'z]I "'Eli_ ;r:5+ E‘s}

We see that g4>g,>q5 hence it does not satisfy the constraint 0<qy = g, = qj5.
Hence we adopt the Lagrangian method to find the solution of g4, g, and g5

So we convert the inequality constraint g; — g4 = 0 in to the equality constraint g; — gy = 0 and

then minimize P[F (§)] subject to g, — g, = 0.we have the lagrangian function as
L(qy, q,.,95.4) = P[F(§)]— A(g, — g;)Where, 4 are the Lagrangian Multipliers

Differentiate partially with respect to q and equate to zero we get,

dL 1 [—ds(5, +4 d,V,
_* 3[ 1 3)_I_T"_1(1 1+Pc;)l+’]'

dq, 4 qi 2\ B,
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aL  2[—d,(S,. +4,) (dzl{: )]

= - 3 2 z1p || -2
dg, 4| q3 2\ B, z
dL =1- dl[saﬂ+‘ql) T_a(dal{:s_i_Fc )l
dg; 4| q3 2\ B, B
aL
a1 2 — 41
Equating to zero we get,

C2[da(S,, + 45) +2d,(S, +4,)]  |2d,(S, +4,)

1 =492 =

e P

d, V. d,V, : dsV,
|‘.I‘"1 (T + .PE:) + 2?‘2 (Ta + Ps;) |‘1"'3 (—& + .PEE)
2 & N "

L(gy.9,.93.4) = P[F(§)] — Alg, —q,) — Algs— q5)

aL 1 [—dy(S, +A4 d,v.,
=_[ 3[ ] 3)+T_1(;+Pc:)‘|+‘l

-

dg, 4 q1 2\ F,
L 2[-d,(S,. +4,) © [(dV. ]

== 3 = tip || -2+2
dg, 4| q3 2\ B, =/

Equating to zero we get,

| E[dﬂ[sva +"£13) +2d2 [5:':,_ —|—}12) +d1[53._ +A1)]

T4 ma " dy V., d, V; d5V,
|T‘1(T‘+ F‘c‘)—I-E'r: (TE-I_FC )+T‘3 (T&—I_ .F'c )
1" Tz - Ty z ry 5

Hence we can get g ‘is an optimal solution to problem.

4.2 Fuzzy Integrated Inventory Model with Fuzzy Order Quantity using Pentagonal Fuzzy

Number
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In this section, we consider the integrated inventory model with all parameters as fuzzy and
they are represented by non-negative Pentagonal fuzzy numbers as follows.
d=(dy, dy, dy, ds, d5)5,=(S,,, S0, Sus Sy Su Wz (Vo u Ve Ve Ve Vo )B=(P., P, BB, P, ) B,

P )A (A, 45,4, AL A Y = (rury, 1y, e, 1)

[C’C"C’C’

Also the order quantity is represented by the pentagonal fuzzy number §=[q1,qg,q3: fif4,fif5:] with

0=qy = (7= q3=qy = qs.

-
&

Fuzzy total cost for purchaser = [[dﬂ ] ﬁ] [h4] ;1"] & [:F“ ®RE ® g]

Fuzzy total cost for vendor = [[dﬂ (] @) & fy] & E Er&E 175 [dﬂ @ ﬁ?,)]

The fuzzy total relevant cost of this model is

F@-[dodeE.edelere(d 0b)er. ek

-
r

Which is reduced to pentagonal fuzzy number F(§) = (F,,F,,F;, F. F;)Where
dyl5, + 4 1y [diV, ] d,(S, + A4, .1y [daV,
RGN FERYETANY) I ACAC25 JEESLENN
qz 2 Pr5 B s 2 Fr,,
_ [d (51:5 -I-f-la) g™y dal{:s 1 _ d, (534 -I-}l4) qats [d Ve,
F, = + +2_)|F = + +P
g3 2 Pr_s £/ e 2 F';,_2

[d. (5, +A . [d V. ]
F = 5[ » 5)+‘i’55 5 4P,
41 2 |

- 1
P[F(g)]l= ’E (F, +3F, +4F, +3F, + F)

d,(S5, + A4, .1 AoV
B LSRN

B

s da

iz 2
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4 |dg(S, +4 ry [ diV 3 |dy(5, +4 Ty [d,V,
* 3[: . 3)+QE3 3 v p [+ 2 4( . 4)+‘I44 = s+ P
12 a5 2 P?"s 5 12 45 2 Fm a
1 ds.[sug_ +"‘15)+QET5 dEL{:E_I_P
12 q, 2 B, £g

Differentiate with respect to g: and equating to zero we get,

SPIF@I]) _ 1 [ds(Su, 45) 1 (diVe,
dq,4 12 g3 2\ P, F2
1 [—d.(S, +A d,V. | 2d.(s,. +A
E[ 5[ : 5)"‘%(%"‘&._)]:0 we get g, = EEEVE, 5)
b1 s |T‘1( ;c._i_Fc‘_)
B -3
Similarly, we get
o |2d (s, +4)  [2d4(s,, +45)  [2d,(5,, +4,)
gz = dﬂvc 3 = dEVG Gy = d4Vc qs
7 (‘Tz + Pcz) |7y (T& + Pcs) 7 (F‘_{ + Pc,,)
‘\] Fa ‘b.d - ‘\] Po

2dy(s,, +4,)

d: V;
|%&Fi+ﬂ)
‘i'l 3

Ta

We see that q1>g,>3 > q4>q5 hence it does not satisfy the constraint 0<qy = g, = q3 = g4 = g5

Hence we adopt the Lagrangian method to find the solution of g4,44. 3. gsand gz.

So we convert the inequality constraint g, — gy = 0 in to the equality constraint g, — g, = 0 and

then minimize P[F(§)] subject to g; — g; = 0.we have the lagrangian function as
L(qy, q,,95,4) = P[F(§)—]A(g, — q,)Where dis the Lagrangian multipliers

DifferentiateF (&) partially with respect to q and equate to zero we get,

dL 1 |—d:(5, +A4 d,V,
_ - 5[ 5 3)_|_T"_1( 1 "—I-F‘E‘_)]-I-l

dg, 12 g3 2\ B,
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ﬁq:_ﬁ q§ 2 P

Ta

dL 3 [—-d.l5, +4 - fd,V
109 “)+T—‘( & “=+P.:,,)]—A

dL _ 1 -_dE (Svs—l_‘qﬁ) +T3 (dEVGE +P )- aL — 1l_d2 (51’1 +A2) _|_T4 (d‘IVG“' + P )]
dg, 4 | qg 2 Fr\s " i dq, 4 qg 2 'P?‘z -
oL _i[=di(S, +41) 7 (dsVe,

BQE - 4 L qé 2 P?’"_ s

dL B

an 2T

Equating to zero we get,

||2 (ds.[:sus_ + "‘15) + 3d4 [51:,, +J"14))

R A 4V,
|r1(P‘+PG,)+3rz(; +pc)
o S
o || 2d,(s,, + 4y) o |2d:[531+f-12)q l2dy(s,, +4,)
3~ d,V, + d,V, = dsV,
(s@=en)) () [s(Ben)
B Tz : N 2 N "

Now the Lagrangian function with multipliers A;and A,.
L[Q’ir@': ,qa,q‘;,qEJi) = F‘[F(@] —Ai(q: - qij - 41:(@'3 - Q':]

We can obtain a solution from differentiating L(ql,q: ,qa,qq,qEJ,ll,,lz)with respect to q and

equating to zero we get,

Now the Lagrangian function with multipliers 4, ,,4, and 4,

aL 1 [—ds(S,.+45) n (diV.
Y SACRENRYCIN

dq, 12 q? 2\ B,
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aL —d,(S,, +,e14)Jr dzlfcup b2
aq, 12 q§ 2\ B, €2 o
aL  1[—ds(s, + A v, ]

— ( 3)+_( 3 5+Pc) _A:
dg; 4| qg 2\ B, B

aL  1[—d,(S, + A4, v 1oL 1]—d,(5, +A4 d.V.
=Z ( ) _(4:,,_'_13)_:1[ 1(;-,._ 1)+§(ECE+P)]

9q., qﬁ 2\ B, “s [194q; E P, ‘s
dL dL
EY) =4 —gq4i A, 3 — 43

|| 2 (dE[SL,E +A5) + 3d,(S,, + Ay) +4d5(S,, + ;13))

Q'1 = QE = QE = dlvc dlvc dal{:
Iry (—-P 4 Pci) + 3r, ( ey Fcz) + 4, (—&P + pcs)
,,.] g L Tg
|2d,(s,, +4,) | 2d, (S, +A4,)
q4 —_ —_ —

dsVe ® dsV;
(Gaen) [n(Ben,)
R "2 A "

L(q1,95 .93, 94,95, 1) = P[F(&)] — 21(q; — q1) — A,(q5 — q5) — A3(q, — q3)

We can obtain a solution from differentiating L[ql,q2 ,qa,q‘},qEJll,ﬂ,:,la)with respect to q and

equating to zero we get,

a1 l d[s +,e13) ( _+P)]+A1

dg, 12
L _ 3 d(s +A4) 7, [d,V, ip )| -2,42
dq, 12 T3 B, o
aL dy (5, + 4

P )
dg; 4 q3 =
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AL 1[-d,(S, + 4, d,V, ]
_ 1= 2 ‘)+T—“(“ *+PE)—,13
dg, 4| qs 2\ B, /]
ar 1] 5, +A v
—_ = [ 1 1) 5 cs_l_Pc
dgs; 4| qs 2\ B, 5
dL ::"I'L dL

| 2(5[5 +45) +3d,(S,, +4,) + 4ds(S,, +4;) +3d,(5,, +4,))

q1=q2=q_q4 dqv dp' dv
( ._)+ 3, (‘TG=+P%)+4TE (%H Pcs)+ 3r, (%+P%)

| 2d,(s,, +4,)

g = dE-Vc
|75 (T“rpc )
‘\1 s

Ty

Now the Lagrangian function with multipliers 44 ,A,,4; and 4,
(91,92 93, 9295 )= PLF (D] — A1(a2 — q1) — 25(q5 — 42) — 25(q5— 93) — 2495 — )

We can obtain a solution from differentiating L(ql,q2 43,95, Gs Aq ,,12,,13,14)with respect to g and

equating to zero we get,

aL 1 [~ds(S,. +A4;) 7 (diV,
_=_l 5(Ss, a)+_1(1 "+F5.)]+«11
2\ B, :

dq, 12 q3
dL 3 |-d.5, +4 - fd,

=—l (5, +4) T—( 2%, p )]—.1 +2,
dg, 12 43 2\ F,
oL dy (S, + A v,

[ (5., + 45) RTCy
dgy 4 qg 2\ B,
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L 1[-d,(5, +4,) r [d.V, ]

=7 5 + *+ B — Azt 4,
dg, 4| qs 2\ B, </
aL  1[-d,(S, +A v, (dsV, ]

I OV Sip )|+a,
dgs; 4| qs 2\ P, =/
aL aL aL aL
aA_QQ qlﬂa;{:_qa Q'zaaAE_Q'::L Q'aaal4_l?5 qy

&

g1 =4, =43 = ga= 4= 4

2 (dE[SFB +Ag) +3dy(S,, + A,) +4d5(S,, + 4;) +3d,(5, +4;)+d, (S, + Al)}

d,V, d,V; ds Vg d,V; ds V;
Iny (T + PL_) +3r, (T‘ + F‘cz) + 4, (T& + F‘cs) +3n, (F_»a + F%) +r (T& + F‘cs)

Ta -3 2

Hence we get ¢ “an optimal solution to problem.

5. NUMERICAL EXAMPLE

Consider any inventory system with following characteristics.

In which yearly demand is close to 1000 units, vendor’s annual rate of production is nearer to 3200
units /year .The purchaser ordering cost per order is also close to 100$. The vendor’s set up cost per set
up is nearer to 400SThe unit production cost is nearer to 20. The annual inventory carrying cost per
dollar invested in stocks is close to 0.25 . Determine the optimum order quantity.

Crisp Sense Triangular Fuzzy Number Pentagonal Fuzzy Number

Demand = 1000 units d=(d,,d,.d3)=(975,1000,1025) d=(d,.d,.d,d,, d;)
=(950,975,1000,1025,1050)
setup cost =400 $ Sv=[53‘_,5,:z,535) 51::[531’5#;’51?5’534’535)

=(350,400,450) =(300,350,400,450,500)
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Production cost=20$  17=(V, ,V,,V, )

=(18,20,22)

Purchase cost = 25$

=(20,25,30)

;v!.l' ;v!.l' 5)

= (3100,3200,3300)

Production rate =3200F, [

units

Orderingcost= 100S A =(4,, 45, 4,)

= (85,100,115)

Holding cost = 0.2$ ¥ = [T‘l, T‘g:?“g:]

=(0.1,0.2,0.3)

Fuzzy order quantity

V=V Vo, Vo Ve Ve, )
=(16,18,20,22,24)

P [C’C"C’C’ )

=(15,20,25,30,35)

B=(p. .P P, B P,)

=(3000,3100,3200,3300,3400)

ﬁi' =(14-1; qur Jq:r Jqq.r‘qs.:]

=(70,85,100,115,130)

r = (1, 1y, Ty, Ty, 75 )

=(0,0.1,0.2,0.3,0.4)

= (390.975,390.975,390.97%* = (379.79,379.79,379.79,379.79,379.79)

Minimum  fuzzy  jointF(§)= (1579.73,2500.65,3667.22) F()=(925.51,1597.52,2503.36,3648.31,503

relevant cost

6.CONCLUSION

7.83)

This paper presents integrated inventory model under uncertain environment in two different cases

using triangular and pentagonal fuzzy numbers. The defuzzification of the triangular and pentagonal

fuzzy numbers was accomplished with the help of signed distance and graded mean methods
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respectively in order to derive the optimal solution. This serves to be an easy tool for the buyer and

vendor in elevating the profit and depreciating the total cost.

7. REFERENCES

[1] A. Banerjee, “A joint lot size model for purchase and vendor”, Decision science 17(3), 292-311,1986.
[2] S.C.Chang, “Fuzzy production inventory for fuzzy product with triangular fuzzy numbers”, Fuzzy sets
and Systems (1999)37-57.

[3] S.H.Chen, “Fuzzy linear combination of fuzzy linear function principle”.Tamkang journal of
management science 6(1) (1985) 13-26.

[4] S.H.Chen, CH.Hsieh, “Optimization of fuzzy inventory models” in IEEE SMC 99 conference
proceeding Tokyo, Japan vol.1, 1999 PP240-244.

[5] S.H.Chen, C.H.Hsieh, “Graded mean integration of generalized fuzzy number” , Journal of Chinese
fuzzy systems 5(2) (1999) 1-7.

[6] S.K. Goyal, “An integrated inventory model for a single supplier, single customer problem”,
International journal of production research 15, 107-111, 1976.

[7] S.K.Goyal, “A joint economic lot size model for purchaser and vendor”,Decision science 19, 236-241,
1988.

[8] G.C.Mahata, Goswani.A, Gupta.D.K., “A joint economic lot size model for purchaser and vendor in
fuzzy sense”, Computers and Mathematics with applications 50, 1767-1790, 2005.

[9] B.Render, “Quantitative Analysis for Management”, USA, 1994, PP278-281.

[10] H.A.Taha in “Operation Research”, Prentice-Hall Engle Wood Cliffs, NJ, USA, 1997 PP753-777.

6964



