Nat. Volatiles & Essent. Qils, 2021; 8(4): 9757-9781

NVEO

Natural Volatiles &
Essential Oils

Perceptualization Of Parametric Study Onimprecise
Queuing In A Two-Stage Model With No Waiting Line
Between Channels

N. Rajeswariand W. Ritha

Department of Mathematics, Holy Cross College (Autonomous), Affiliated to Bharathidasan University,
Tiruchirappalli- 620 002. TamilNadu, India

ABSTRACT:

Thisarticleproposesageneralproceduretoconstructthemembershipfunctions of the performance measures in
queuing systems when the inter arrival rateandservice timeare fuzzynumbers.We explore a
proposedfuzzyqueuingmodelwith two consecutive stations (stages), each with a single server, where there is
noqueue at station 2 and no limitations at station 1. A FCFS service discipline exists inwhich theinput streamis
poisson having fuzzyarrival ratel. Anycustomer’sservice

timeatserver(i=1,2)isexponentialwithfuzzyparameter Bi.  Asaresult,the

membershipfunctionsofthesteadystateperformancemeasuresinatwo—stagemodel ~ fuzzy queuing system s
obtained from distinct values of &, using a

parametricprogrammingapproach.Theefficacyoftheproposedapproachisvalidatedwithnumericalillustration.

Keywords: A two—stagemodelfuzzyqueuingsystem,pentagonalfuzzynumbers,

Bl-cutapproach,membershipfunctions,parametricprogramming.

1. Introduction and Literature review:

In queuing theory, the study of waiting lines is crucial. To analyse sojourntime, we utilise a
variety of models and approaches. Mathematical study of queuespaves the path for shorter
wait times and shorter lines. Transportation engineering,service industry, production,
healthcare, and information processing systems are just afew of the domains where queuing
models are used. Recent advancements in domainslike as communication and computer
systems prompted the creation of new models ofqueuing theory. A tandem queuing system

is one of these types that are required. Thishasbeen the subject of several major research.
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The mean waiting time and mean client number for two tandem channels(servers)
which are poisson arrival and exponential service time were provided in [1].The mean
customer number, waiting time distribution and probabilities of differentnumbers of the
tandem queuing system at each level of the poisson arrival and theexponential service time
of the tandem qgueuing system were determined in [2]. It

wasdemonstratedin[3]thatifthesystem’sarrivalsareapoissonprocesswithafuzzy

parameter,thenthesystem’soutputisalsoapoissonprocesswithafuzzyparameterf.

A more sophisticated case including network analysis was studied in [4].
Theassumption in queuing theory is that service channels are homogeneous. However, ithas
been observed that in real-world queuing systems, service is provided. There areinstances
when channels are heterogeneous. understanding such system is critical
forprovidingsolutions to both theoretical andtechnical problems.

Homogeneoussystemhavebeencomparedtoheterogeneoussystemsforperformance
measures in [5-9], under the assumption that the total of service rates isfixed. In [10], the
efficacy measures for tandem queues with blocking were computedusing an approximation
approach and then simulated. The tandem queues with oneserver in the first queue, and n
1 servers in the second gueue, where the arrivals
tothesystemwithapoissonprocesswithparameterlandthereisnowaitingroom

betweenthetwostages,werestudiedandcertainprobabilityforthenumberof
customerswereobtainedin[11].

Blockedtandemqueuingsystemhavebeenexploredintheliteratureforseveral similar
models  to ours, and probability of number of  customers have
beenderived.Thefindingsofperformancemeasureshavebeenderivedusingapproximationsands
imulations.Therearenorestrictionsforthefirststage,nowaiting space between the two stages,
and no blocking in our suggested approach. (i-ecustomers leave the system after having
service in the first stage if the second stage isbusy). By evaluating our suggested technique,
we may theoretically get probabilitiesof being-nonbeing of consumers in the first and second
stages, performance measuresandthe optimal values ofthesemeasures.

We also compared some of the outcomes by using simulation results. In

reallife,duetoresponsibilities,urgency,andunavailability,thereiswaitingcaseinthe
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servicesystems,thelossofdesiredcharacteristicsmayoccuratthestartoftheprocess. As in our
suggested paradigm, there isa second stage. Consequently, wehavedecidedtoconstructsuch
amodel and analyzeit.
ResearcherssuchasLiandLee[16],Buckley[17],NegiandLee[18],Kaufmann [20], Chen
[21 & 22] have used zadeh's extension principle to investigatefuzzy queues. Kao et al [23]
developed a parametric linear programming technique
togeneratethemembershipfunctionsofthesysteminfuzzyqueues.Thequeuingsystem may be
studied using recent advancements in fuzzy numbers using
randomvariables.Theconceptoffuzzyprobabilities,forexample,wasintroducedbyZadeh.,
L.A [24]. Here we use a non linear programming approach to analyse a two stagemodelfuzzy

gueuing systemwith no waiting linebetweenchannels.

2. Preliminaries:

- APEX, B ABXEIE: XBA; B A BXEPE0, 161
1) FuzzySet:AfuzzysetAisdefinedby A A 0,

BRIxRiscalledgradeofmembershipofxinA.
where

A
2) B-Cut:
Thel-cutforafuzzysetAareshownbyARforR[0,1]aredefinedto be :
AX/X'XX' whereXistheuniversalset.Upperandlowerboundsof
anyB-cutA@lareshownbysupAmandinfARrespectively.SupARlisdenotedbyA”

andinf ARlis denotedbyA".

A A
3) Fuzzy Number: AfuzzynumberAisasubsetofreallineR,withthe membership

u

function " 5 satisfying the following properties.

(i) ERxmispiecewisecontinuousinitsdomain
A

(ii) Aisnormal(i.e)thereisa xoPasuch that  PAPXETL.
(iii) Aisconvex(i.e) PRIE X1 B &1 RREX ol minERExX1R,EEXEE, Ex1,x2inX.
: A
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4) Pentagonal fuzzy number:

A pentagon fuzzy number is a 5-tuple subset of a real number having fiveparameters
(a1, a2, a3, a4, a5) where a3 is the middle point and (a1, a2) and (a4, a5) arethe left and right

sidepoints of a3.

Afuzzynumbers ABIPas,a2,a3,as,as@Where a1Ba)RlazRagllag issaidto

bepentagon fuzzy number ifits membership function is:

E0 , xBlaq
XEla
BL\ExeE L ailBxda)
axPa;
xEla
Bl 2, ajlxdasg
ajlla
xBla
MA EIXEIE % 1, 3
?
aklx
BREXE |, a3BxBag
agllas
@ allx
ERExERE? ,  alxEa
5
&2 afla 4
4 |
xBlag

!
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3. Model description:

The measures of performance and optimization of performance measures :The meanso
journ time:LetTbea
randomvariablethatdescribesthesojourntimeofcustomersinthesystem.Usingthelawoftotal
expectation,wecanwriteitisasfollows.

ERTRRERT/ARPRARRERT/ARPEAR - - .. (1)

whereP(A)isthe probabilityofthelossofacustomer.Nowit isclearthat

ar/a L (A
L= a-A [, . (2)

Thus, ECTEE T+ .. (3)

G ) ()

Ourmainresultsabouttheproblemofminimizingthemeansojourntimecanbeexplainedby  the

following theorem.

Theorem :
Ifsumof two service rates BABRPEE isfixed,thenthemeansojourntimeof
thistandemsystemattainsitsminimumvaluefor BEEFandE [
1 ) 2
Proof: 2

Weuwill provethetheorem by usingthefollowing inequality.

aip| mai,aiO,mZ. (4)

Rkl il

Frominequality(4),we have

4
— inequality(3),weobtainthe
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minimumvalueof E(T)as follows:

minERTER

. . . . B EEandE
wheretheequality(6)isprovidedwith ~

1,

2
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The mean number of customers:

LetNbetherandomvariablethatdescribesthenumberofcustomersinthesystem.
1
ERANEEFREN 1BN2EPN1, N,
n1E0n
20 7»(]11+],l§)
() () 73

ERNER

(or)
EENRERERTH

.(7b)

Themeannumberofcustomersinthesystemisoptimizedfromtheoremlandtheequality(7b)as

below:

. e 4z
minEENREERMInERTRR ... (8)

f

4. Problemformulation:

4.1. Atwo-stagemodelfuzzyqueuingsystemwithnowaitinglinebetweenchannels :

Letthearrivalrateandserviceratesareapproximatelyknownandcanbe

representedbythefuzzynumbers, 3,2, respectively. LetBExa, Rl Early -
1 2
denotethemembershipfunctionofi,z;, &,

respectively.Wethenhavethefollowing
fuzzysets,

X, BpEX B | XEX3,
ChERAY1,Beq Ry120] y1@Y13,

ELEY 2, By By 280 | 2B Y28

whereX,Y1,Y2arethecrispuniversalsetsofthearrivalrateandservicerateswith
two consecutive stations (stages), andcorrespondingmembership functions. Clpf2x
B,BRR
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Y1l
and
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Qa0
are

Letf(x,y1,y2)denotethesystemcharacteristicofinterest.Sincel, &, &,

fuzzynumbers.f(x,y1,y2)isalsoafuzzynumber.Byzadeh’sextensionprinciple,themembershipfun
ction ofthesystem characteristicf(x,y1, y2) is definedas.

fax,y,yaz Esup min@pEx 2,2k, By1 @ ,2y2/ 2BIfEx,y1, Y278,

12

wherethesupremumis takenovertheset

X
xBX,yaY,yEY/0oa
1 12 1@
yBy
2
1 2

Letthesystemcharacteristicofinterestinthemeansojourntimeofcustomersinthesystem is
y1By
foyy a2 e

By BxERy

BIxRl

1 2

Themembership functionforthe mean sojourntime of customers in the systemsis

BeaBsupmin El  BEE  Bye/ v1By2
Em 2y EXER
2R 1 2 RYEIXERY o
1 2
1 2

XBly1Bly,Bl

Themeannumberofcustomersinthesystemis fax,y,yer
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1 2 Ay BIXEIEYEXE
are the
1 2

Similarly,Themembershipfunctionforthemeannumberofcustomersinthesystemis

XB
zsupmin ExEE  ByRE  ByR/z 2
EBING 2| (2 VBXERY gyl
1 2
1 2

The shapes of these membership functions are difficult to envision since they are notstated

in the typical ways. Here we use a mathematical programming approach toexamine at the

representation problem. Based on the extension principle, parametricnonlinear

programming isused to determinethel-cuts of(x,y1, y2).
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Thesolutionprocedure :

Byconstructingthemembershipfunction () of E@TR isonthebasisof
derivingtheB-cutof E@TE. Denotethel-cutsof BEL,E;  ascrispintervalsas
follows.

FREEREX, x BRI minax/ EXEERE, maxax/BExaEEeE
? ?
BIXEX RyERER, maxay/@

ByRERE

.
PREERE "y By mingy/a

1 1 Bayievy 1 B yievat B 1
1m
1 :
PRIy miny/ YRR, maxy /2 V
2 20 ey P2 yamvp 2 B2
20
2

Theconstantarrivalratesandserviceratesaregivenasintervalswhenthemembership  functions
are not less than a given possibility level for Bl Hence

theboundsoftheseintervalscanbedescribedasfunctionsof@landcanbeobtainedas

- m1 . @1
XAminE™ R, x"BmaxE - BEE,yEmind EEER
N

10 B

UEmaxE™aEEE,y @mink @1
y Iy I

10 Bl 20 )

21

y'Bmax@ A,

20 il " H n e ecanusethel-cutsof
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ERTE and  EEN tocon
structi
tsme
mbers
hip

functionusingzadeh’sextensionprinciple,toderviethemembershipfunctionf &m)

y1By2
weneedatleastoneofthefollowingcasestoholdsuchthat

By 1BXEREY2EXE)

satisfies@l _ Q.
E(T)

Case(i) : pEpEXERE, Ry BRI, By Ry, BEER

1 2
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Case(ii) : HAEx REE, By ARE, B, By RERR
1 2
Casel(iii): MpEx BEE, Ry 1 BRI, Ry pERIRR

1 2

ThiscanbeaccomplishedusingparametricNLPtechniques.TheNLPtofindthe

lowerandupperboundsofthel-cutsoff &m) forthecase(i)are:
L yBly
ERTE Eming L 2 4

7 B
B ElyexpmyExe?

1 2
u yey
ERTE Bmaxa L 2 4

? ?
B Elayexzpyexa?®

1 2

L yBy

forthecase(ii)areETZminE: 1 2 a2l

? B
B oy exmmyexE?

E~T2max[3 1 2 Bl

?
gy oxpmyExe?

1 2
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yRly
forthecase(iii)are E~T3minm 1 2 o]
2y ExppyExE?
1 2
U yRly
ERTE Emaxa L 2 4
B2y ExpEyEXED
1 2
From the definitions X y P, gl can be replaced by
XEEIX, xVE yaERy By ERy- ,y“Brespectively.GivenORERRR1we
R1E  1ERE E2E  2ER 2 1

i L UF i LyUF T L L Up

Xg X' 212 Y e

have [5x"x X", x y y
O O

YRR vE Gyt oy
loy lo 201 Z(XJ

o 04 loy 2 la, 1 201, 201,
Hencetofindthemembershipfunction® & itissufficienttofindtheleftandright
shape functions of - which is equivalent in finding the lower bound

Near

EETEEmMIN y1By2

( suchthat X BXBXy" ByRy", y* Byay"
L
13 ik
1 2

ERTREMax ( Y1EY2
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? B
B BPhyexmmyexa?

1 2
suchthatx'@xaxY,y* ByzyY,
1 1R
10
yL <y <y VU
20 2 20

Thecrispintervalobtainedaboverepresentsthe@-cutsof EZTE.  Again

applyingtheresultsofzimmermannandkaufmannandconvexitypropertiesto

ErTE,wehave

- L u L~ U -
ERTE RERTE ,EETE EEATE whereORRREE1.

1 1 B2 B2 2 1

areinvertiblewithrespecttolthenaleftshapefunction

L U
Inboth EATR and EaTh

o o

~ L Pl y B1 ~
LpzER? ERTR andarightshapefunction RazaRR ERTR canbederivedfrom

whichthemembershipfunctionis constrictedas
~L ~L
mLEzeE, ER TR BIzRERTR

mE1
0

ERTE U u
Reza, ER TR BIzBIERTH

& e
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Themembershipfunctionsofthemeannumberofcustomerscanbederivedinasimilar manner.
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1.Numericalexample:

Themean sojourntimeofcustomers in the system:

Supposethearrival,serviceratesarepentagonalfuzzynumbersgivenby

EeR2,3,4,5,60,

BFR9,10,11,12,133,

Itiseasytofindthat bx ", x {28 223, 6212

By"

20 Y P 5012, 19720

TheB-cutsof  ERTE

- L 32m47
REFTEE

B,

2316843
- U 24p4m
BEgTED

630841

WiththehelpofMATLAB6.0,theinversefunctionsof

32
LRzR;

yieldthemembershipfunctionl

322312a

Rz
where L1z

47184z

2463
REzEE ——l—

84z04

ERT

RzR

?|
Rz;

EhEm15,16,17,18,19R

perminuterespectively.

Gy "y EEoE2E, 13@2aT,

18 1

L U
ET | and ET | exist,
oL (04

4
Rlz

231 21

4 8

—PRlzBl —

21 21

The [-cuts of arrival and service rates and fuzzy mean sojourn
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ofcustomers inthe system.

Xt xY v W oyt yY PESTAE ETU
10 10 20 20
0.0 2.0 6.0 9.0 13.0 15.0 19.0 0.13853 0.38095
0.1 2.2 5.8 9.2 12.8 15.2 18.8 0.14196 0.34174
0.2 2.4 5.6 9.4 12.6 15.4 18.6 0.14566 0.31078
0.3 2.6 5.4 9.6 12.4 15.6 18.4 0.14966 0.28571
0.4 2.8 5.2 9.8 12.2 15.8 18.2 0.15400 0.26501
0.5 3.0 5.0 10.0 12.0 16.0 18.0 0.15873 0.24762
0.6 3.2 4.8 10.2 11.8 16.2 17.8 0.16390 0.23280
0.7 3.4 4.6 10.4 11.6 16.4 17.6 0.16957 0.22003
0.8 3.6 4.4 10.6 11.4 16.6 17.4 0.17582 0.20891
0.9 3.8 4.2 10.8 11.2 16.8 17.2 0.18275 0.19913
1.0 4.0 4.0 11.0 11.0 17.0 17.0 0.19048 0.19048
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ERTEatR=1is0.19048,indicatingthatthemeansojourntimeofcustomersinthe

systemis0.19048. ERTRNneverexceed0.38095(or)fallbelow

Moreovertherangeof0.13853

0.6 -

0.2 -

Themembership functionformeansojourntimeofcustomersin thesystem

Themean numberof customersinthe system:

Similarlythel@-cutsof E@N@are:

~

E8RPES 664231848
PEaN® |2

~ U _[gwE24e0
BEaNgD Bl 22AEP144

630840

L U
Theinversefunctionof BEENEE  and ENJ exist,yieldthemembershipfunction
0

Lk

64 16
LAZE; BIZE

)
Pemng B4R REZE;
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_ 16216 o o

231 21 21 7

2 1

lmZpE B84 zRS56EER7056z 220162251847
where

16
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and

REZEE  [E84zM248R70562 2E2016265184¢

1

2

16

ThelRl-cutsofarrivalandservicerates andmeantime ofcustomers inthesystem.

x- X v v vt yY PEINGE | BEINGD-
v 10 | 2 20
0.0 2.0 6.0 9.0 13.0 15.0 19.0 0.27706 2.28571
0.1 2.2 5.8 9.2 12.8 15.2 18.8 0.31231 1.98207
0.2 2.4 5.6 9.4 12.6 15.4 18.6 0.34958 1.74035
0.3 2.6 5.4 9.6 12.4 15.6 18.4 0.38912 1.54286
0.4 2.8 5.2 9.8 12.2 16.8 18.2 0.43121 1.37805
0.5 3.0 5.0 10.0 12.0 16.0 18.0 0.47619 1.23810
0.6 3.2 4.8 10.2 11.8 16.2 17.8 0.52447 1.11746
0.7 34 4.6 10.4 11.6 16.4 17.6 0.57654 1.01215
0.8 3.6 4.4 10.6 11.4 16.6 17.4 0.63297 0.91920
0.9 3.8 4.2 10.8 11.2 16.8 17.2 0.69447 0.83636
1.0 4.0 4.0 11.0 11.0 17.0 17.0 0.76190 0.76190
Fromthetablewefindthatthemeannumberofcustomersinthesystem 5 EENEGat

B=1is0.76190,indicatingthatthemeannumberofcustomersinthesystemis

0.76190.Moreovertherangeof

€Nneverexceed2.2857lorfallbeIow0.27706.

9778




Nat. Volatiles & Essent. Qils, 2021; 8(4): 9757-9781

0.6 -

0.2 -

Themembership functionformeannumberofcustomersin thesystem.

Conclusion:

A new queuing discipline is given for a markov model which consists of twoconsecutive
channels and no waiting line between channels. In this model, steady —state conditions, the
mean sojourn time, the mean number of customers are obtained.Additionally, the theorem
is explained about optimization of performance measures.Here B-cut and zadeh’s extension
principle is applied to a two-stage model imprecisequeuing system with no waiting line
between channels and membership function ofmean sojourn time of customers, mean
number of customers in the queuing system isconstructed using non-linear programming
approach. The numerical example is alsogivento illustrate theeffectiveness of the

proposedtechnique.

References:

[1]. G.G.0.’Brien,“Thesolutionofsomequeuingproblems,”JournaloftheSocietyfor
Industrial andApplied Mathematics,vol.2, pp. 133-142,1954.

[2]. R.R.P.Jackson,“Queuingsystemwithphase-
typeservice,”OperationalResearchQuarterly, vol. 5, pp. 109-120, 1954.

[3]. P.J.Burke,“Theoutputofaqueuingsystem,”OperationsResearch,vol.4,pp. 699-704,
1956.

[4]. J.R.Jackson,“Networkofwaitinglines,” OperationResearch,vol.5,pp.

518-524, 1957.

9779



Nat. Volatiles & Essent. Qils, 2021; 8(4): 9757-9781

[5].R.B.Cooper,IntroductiontoQueuingTheory,The MacmillanCompany,NewYork,NY, USA,
1972.

[6].D. Gross and C. M. Harris, Fundamentals of Queueing Theory, John Wiley &Sons,New
York, NY,USA, 3rd edition, 1998.

[7]. V. Sa“glamand H. Torun, “On optimization of stochastic service system withtwo
heterogeneous channels,” International Journal of Applied Mathematics,vol. 17, no.
1, pp. 1-6, 2005.

[8].V.Sa"glamandA.Shahbazov,“Minimizinglossprobabilityinqueuingsystemswithheterogeneo
usservers,”lranianJournalofScienceandTechnology,vol. 31, no. 2, pp. 199-206, 2007.

[9]. A. H. Taha,OperatingResearch, Macmillian Publishing, New York,NY,USA, 1982.

[10].A. Brandwajn and Y.L. L. Jow, “An approximation method for tandem
gueueswithblocking,” OperationsResearch, vol. 36,no.1, pp.73—83, 1988.

[11]. A.A.Akinsete,“Blockednetworkoftandemqueueswithwithdrawal,”
Kragujevaclournal of Mathematics, vol.23, pp. 63-73, 2001.

[12].U. N. Bhat, An Introduction to Queueing Theory, Boston, Mass, USA,
2008.[13].W.J.Stewart,Probability,Markov Chains,Queues,andSimulation,Princeton
UniversityPress, Princeton,NJ, USA, 2009

[14].Vedat Saglam and Mijgan Zobu, A Two-Stage Model Queueing with
NoWaitingLinebetweenChannels,HindawiPublishingCorporationMathematical
Problems in Engineering, Volume 2013, Article ID 679369, 5pages.

[15].R.E.Bellman,L.A.Zadeh,Decision-makinginafuzzyenvironment,ManagementSciencel7
(1970),B141-B164.

[16].Li,R.J.,Lee,E.S.,(1989).Analysisoffuzzyqueues.ComputersandMathematicswith
Applications, 17(7), 1143-1147.

[17]. Buckley,J.J.,Qu,Y.,(1990).0nusinga-cutstoevaluatefuzzyequations.
FuzzySetsandSystems,38,309-312.

[18]. Negi,D.S.,Lee,E.S.,(1992).Analysisandsimulationoffuzzyqueues.
FuzzySetsand Systems,46, 321—-330.

[19]. L.A.Zadeh,Fuzzysets,Informationandcontrol8,338-353.,(1965).

9780



Nat. Volatiles & Essent. Qils, 2021; 8(4): 9757-9781

[20]. Kaufmann,A.,1975,IntroductiontotheTheoryofFuzzySubsets,Vol.1.
AcademicPress,New York.

[21].Chen, S. P., (2005). Parametric nonlinear programming approach to fuzzyqueues with
bulk service. Europeanlournal of Operational Research, 163,434-444,

[22].Chen,S.P.,(2006).
Abulkarrivalqueuingmodelwithfuzzyparametersandvaryingbatchsizes.AppliedMathe
maticalModeling.

[23].Kao, C., Li, C., Chen, S., (1999). Parametric programming to the analysis offuzzyqueues.
Fuzzy Setsand Systems, 107, 93—100.

[24]. Zadeh, L. A., (1978). Fuzzy sets as a basis for a theory of possibility. FuzzySets and
Systems,1, 3—28.

[25].Zimmermann, H. J.,, 2001, Fuzzy Set Theory and Its Applications,

KluwerAcademic,Boston.

9781



