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1 INTRODUTION AND PRELIMINARIES
Due to the fact that Fixed Point theorem performs a vital role for
dissimilarmathematicalmodelstoacquireitssolutions.lthasabroadrangeofapplicationsinvariousmath

ematicalfields.

In1989,Backhtininitiatedtheideaofb-metricspace.Theconceptof“Common Fixed point theorems
in b-metric space” was further extended byS.Czerwik[1] in the year 1993.Czerwik discovered to
generalize the view ofcontraction mapping principle. In 1994, the idea of Partial metric space
wasdiscovered by Matthews[2].In 2014, The concept of “Partial metric spaces” was further
extended to “Partial b-metric spaces” by Shukla[3] and obtained some results in fixed point
theorems. Newly, Gordgiet al. [4] discovered the concept of orthogonal sets and some results
inFixed Point for contraction mappings. Presently, in 2020 Muhammad UsmanAli, YajingGuo,
FahimUddin, HassenAydi, Khalil JavedandZhenhua
Ma[8]steppedfurtherinthefieldofcommonfixedpointtheoremsforproposedcontractioninfR—partialb-
metricspace.

A diverse number of researchers took intense attention in the generalizedversion ofmetric

spacesas well asfor common fixedpointtheorems.
Definition 1.1[1]

LetSbea nonemptysetand g>1.Suppose a mappingd :SxS- R*
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satisfiesthefollowingconditionsforalls,t,w€S:

(A1) d(s, t) =0 if and only if s = t ;(A2)
d(s,t)=d(t,s);
(A3) d(s, t)< g[d(s,w)+d(w,t)].

Thendisknownasb-metriconS,and(S,d)iscalledab-metricspacewith coefficient g.

Definition1.2[2]

LetSbeanonemptyset.Let5:S><S9]R+satisfythefoIIowingconditionsforall

5,t,WES:
(B1) s =t ifandonlyif6(s,s) =5(s,t)=5(t,t);
(B2) 6(s, s)<6(s, 1);
(B3) 6(s, 1)=8(t,s);
(B4) 8(s, t) < 8(s, w) + 8w, t) — 8w,

w)Then(S,6) iscalleda partial metricspace.

Definition1.3[3]

Apartialb-metriconS¢®isafunctiona:SXS—>]R+suchthatforaII
s,t,weS,andforsomeg>1,wehave
(C1) s=tifandonlyif a(s, s) = a(s, t) = (t, t) ;
(C2) o(s,s)<a(s,t)

(C3) oals,t)=(t,s);

(C4) o(s,t) <gla(s,w)+a(w,t)]— a(w,w).

A partial metric space is denoted with (S, o, g). The number t iscalled

thecoefficientof(S,o,g).

Remark1.4(3]

It is clear that each and every partial metric space is a partial b -metricspace having coefficient g =1

and each b -metric space is a partial b -metricspace with the identical constant and also having

zero self-distance. However,theconverseofthisnotionnolongerholds.
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Definition1.5[5]
LetSbeanonemptyset.AsubsetRofl%iscalledabinaryrelationonS.Then,foranys,t€S,wesaythat“sisR-
relatedtot”,thatis,sRt,or
“srelatestotunderR”ifandonlyif(s,t)ER.(s,t)¢Rmeansthat“sisnotR-

relatedtot”or“sisnotrelatedtotunderfR”.

Definition1.6[5]

AbinaryrelationRdefinedonanonemptysetSiscalled

(a) reflexiveif(s,s) ERASES;
(b) irreflexiveif(s,s)Rforsomeses;
(c) symmetricif(s,t) ERimplies(t,s) ERVs,tES;
(d) antisymmetricif(s, t)€Rand(t,s)ERimplys=tV s,t€S;
(e) transitiveif(s, t)€Rand(t,w)ERimply( i,w)ERVSs,t,WES;
(f) preorderifRisbothreflexiveandtransitive;
(g) partialorderifRisreflexive,antisymmetric,andtransitive.

Definition1.7[6]

Let Sbeanonemptysetand let Rbeabinaryrelationons.

(@)  Asequence{SmlisR-sequenceify mEN,SmRSm+1

(b) AmapP:S—SiscalledanR-preservingifVvs,teS,sRtimpliesPsRPt

Definition1.8[6]
Let (S, d) be a metric space and Rbe a binary relation on S.

Then (S,d,R)iscalledanR-metricspace.

9840



Nat. Volatiles & Essent. Qils, 2021; 8(4): 9838-9848

Definition1.9[7]
AmappingP:S—SisR-continuousatSo €SifforeveryR—-sequence{Sm}m
eNinSwithSm—So,wegetP(Sm)—P(S0).Thus,Pis

R-continuousonSif PisfR-continuousateverySo€S.

Definition1.10[8]

LetS #@andbe a reflexive binary relationonS,which is denotedas(S,%).AmapOs:5xS— R iscalledan®R-
partialb-metriconthesetS, ifthe followingconditions are satisfied foralls, t, weSwitheither (s Rt or t

Rs),either(sRworwRs)andeither(wRtortRw)

(D1) s=tifandonlyifOx(s,s)=0%(s,t)=0RR(t,t);

(D2) O (s,s)<O%(s,t);

(D3) Om(s,t)=0n(t,s);

(D4) Og: (s, t)<g[Tst (s, w)+0% (W, t)]-Os(w,w).whereg>1.

Then,(S,R,9%,g)iscalledR-partialb-metricspacewiththecoefficientg>1.

Definition1.11[8]
Let{Sm}beaR-sequencein(S,R,9%,g)thatis,SmRSm+1 or
Sm+1 RSm forevery meN.Then,
(a) {Sm }isaconvergentsequencetosome s€Siflimm-—>cc0%(Sm ,s)=0%(s,s)andSm Rsforeachmk.

(b) {Sm }isCauchyiflimm,n->e<0%(Sm ,Sn )existsandisfinite.
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Definition1.12[8]

Let(S,R,9%,g)issaidtobeR—completeifforeveryCauchyR-sequenceinS, thereiss€Swithlimm,n—>coo0% (Sm )

Sn )=limm->e0%(Sm _s)=O%(s s)andSn Rsforeachm 2k.

Definition1.13[8]
We say that P:S—SisanR-propertymap,ifforanyiterativeR—sequence
{Sm :Sm =P™s,s€S}in(S,R,0%,g)withlimm—>o00%(Sm ,5)=0%(s,s),Sm Rsfor

Somemz2kandlimm->oo0%(Sm ,Ps)<0%(s,s),wehavethatsRPtorPsRs

2 MAINRESULT

Theorem?2.1:

Let (S,5R,0%,8)beanR-completeR-partialb-metricspacewith the coefficient
g>landpermitSo ESbesuchthatSo RtforeveryteS. Let P:S—Sbe

anR-preservingandR-propertymapsatisfyingthefollowing:

OR(Ps, Pt) <k[O%(s,Pt)+0%R (t,Ps)]foralls, t€SwithsRt, (1)

wherek €0,1/g).Then,Shaveafixedpoints*€SandoR(s*,s*)=0.

Proof:
AsSo €SissuchthatSo RtforeveryteS,then by using the -preservingnature of P, weconstructanR-

sequence{Sm }suchthatSm = Sm-1 =p™Sp andSm-1 RSm foreveryme N.

WeconsiderSm # Sm+1 foreverymeNU{0}.

Then,by(1),weobtain

9842



Nat. Volatiles & Essent. Qils, 2021; 8(4): 9838-9848

OR(Sm ,Sm+1 )=OR(PSm-1,5m )<k[OR(Sm—1,PSm )+OR(Sm ,PSm-1)] for allme N

Thisinequalitygives,

OR(Sm ,Sm+1 )<k™[O%(So ,PS1 )+O%(S1 ,PSo )]forallmeN

Wewillconsider anrandomintegerm1,n 21withn >mandalsousing(D4)on(3),

weget

O (Sm ,Sn )<g[0%(Sm ,Sm+1 )+O%(Sm+1,5n )]-0% (Sm+1,Sm+1 )
<8OR(Sm ,Sm+1 )+82[0<.R(5m+1 ,Sm+2 J+OR(Sm+2,5n )]-OR(Sm+2 ,Sm+2 )
<BO%(Sm ,Sm+1 )+g20m(sm+1 ,Sm+2 )+g3[0m(sm+2 ,Sm+2 )+_._+g”'m0m(sn_1 ,Sn )
< g k™[O%(So, PS1)+0% (S1,P So )]+g’k™[0O%S0 51 )+0% (S1,PSo )]+gk™*2
[O%(So ,PS1 )+O%(S1,PS0 )]+....+8" "k"[O% (S0 ,PS1 }+O% (S1,PS0 )]

Sgk’"[1+gk+(gk)2+.....][°iR(50 ,PS1)+0% (S1,PSo )]

Kk
= i_gk [04; (S0, Ps1))t0%  (51,PS0)]

Whilek€[0, 1/g)andg>1,itcomesfromtheaboveinequitythat
limm->000%(Sm ,Sn )=0

Hence,{Sm }is aCauchyR-sequence.SinceSisR-complete, there

s*€Ssuchthat,limm n39%(Sm ,5n )=liMpnsO%(Sm» s*)=0%(s*,s*)andSm Rs*forevery

mz2k (forsome valueofk ).Thusfromthe above,we get
0=liMmn5e9%(Sm » Sn )=liMms.0% (Sm ,s¥)=0% (s* s¥)andSm Rs*forevery

m=k.WhileSm Rs*foreverym=k,from(1),weobtain

OR(PSm ,Ps*)<k[0%(Sm ,Ps*)+0%R (s*,PSm )]
This inequality and therefore above findings imply

limm->e00% (Sm+1,Ps*)<k[O%(s*,s*)+OR(s*,Sm+1 )]

<k[Om(s*,s%)+0mn(s¥, s*)]

9843

(2)

(3)

exists

(5)



Nat. Volatiles & Essent. Qils, 2021; 8(4): 9838-9848

While SisafR-propertymap,hence
weobtains*RPs*orPs*Rs* Withoutlossofgenerality,wearegoingtotakes*RPs*.Then,byusing

(D4)with(1),weobtainthesubsequentforeverym2k.

OR (s*Ps*)<gOR (s* Sm+1 )+gOR (Sm+1,Ps*)-OR (Sm+1,5m+1)

<gOR (s*,Sm+1 )+g0R (PSm ,Ps¥)
<gO0n (s*,5Sm+1)+g k[o% (Sm ,Ps*)+0%

(s* PSm )]Whenmtendstoinfinity,theaboveinequalitygivesox (s*,Ps*)=0.

ThereforeweobtainOs (s*,Ps*)=0,0% (s*,s*)=0andO% (Ps*,Ps*)=0.

Hence,s*=Ps* thatis,s*isafixedpoint

Theorem?2:

Let(S,R,0x,g)beaR-completeR-partialb-metricspacehavingconstant

g>1 andpermitSo ESbesuchthatSo Rtforeveryt€S. PermitP:S—SbeR-preservingandanR-

propertymapsatisfyingthesubsequent

OR (Ps,Pt)<aO% (s,Ps)+bO% (s,Pt)+cO% (s,t)foralls,tESwithiRj, (1)

wherea,b,c€0,1/g).Then,Shaveafixedpoints*€SandOox (s*,s*)=0.

Proof:

AsSo €S issuchthatSo RiforeveryteS,then by using the R-preserving

natureof P,weconstructanR-sequence{Sm }suchthatSm =PSm-1 =p™Sy

andSm-1 RSm foreverym€N. WeinspectSm #Sm+1 for everymeNU{0}.
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Then,by(1),weobtain

O% (Sm ,Sm+1 )=0% (Sm+1,PSm )$A0%R (Sm+1,PSm-1)+bO% (Sm-1,PSm )+cO%R (Sm-1,5m )] (2)

forallme N.Thisinequitygives,

O (Sm, Sm+1) <amOR (so,Pso)+b™OR (s0,Ps1)+C™OR (s0,51) (3)
forallmeN.wewillinspectanrandomintegerm>1,n>1withn>manduse(D4)on(3),weget

O® (Sm,Sn)<8IOR (Sm, Sm+1 )*OR(Sm+1,5m )]-OR(Sm+1,5m+1)

2
<8O% (Sm ,Sm+1 )+87[0O% (Sm+1,Sm+2 J*OR (Sm+2,5n )]-O% (Sm+1,Sm+1)

<8OR (Sm ,Sm+1 J+8°OR (Sme1,Sm+2 JFE[OR (Sm+2 ,Sms3) [+ voveveerrrssssssssssiissssssseneeeessssss +

m OR (Sn—l Sn )

g

<g[a™Ox (So ,PSo )+b™O% (So ,PSo )+c"OR (So,PSo )]+

gZ[am+1(yER (SO ’PSO )+bm+10§R (SO 'PSO )+Cm+16§R(SO ,PSO )]+

g’[a™?0R (S0 ,PS0 J+b™?OR (S0 Ps1J+C™2OR (S0, PS0 )|+ oovvvssesescrrnrssvsssesseessssssssssssssssssssssssessssssssssssssssssssnes +
g"™[a""0% (So,PSo )+b" 0% (So ,PSo )+c" 0% (So,PS0 )]

g a™

IN

S0,51)

ga™ gb™ gcm
:1—ga 09’{(50, Sl)+_1—gb GER (So, Sl) + 1—_gC GER (SOI Sl)

Whilea,b,c€[0,1/g)andg>1,itcomesfromaboveinequitythat,

limm->e00% (Sm,Sn)=0
Hence,{Sm }is a Cauchy®R-sequence.HenceSisR-complete,thereexistss*€Ssuchthat,limm 5<%
(Sm ,Sn )=liMm3-0% (Sm ,5*)=0% (s* s*)andSm Rs"foreach
m2a,b,c(forsomevalue ofa,b,c).Then,fromabove,weget

0=liMpm =R (Sm Sn )=limms=9% (Sm,s*)=0% (s* s*)andSm Rs*forevery
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m>a,b,c.WhileSm Rs*foreverym>a,b,cfrom(1),weobtain
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ox(PSm ,Ps*)<a0%(Sm ,PSm J+hOR (Sm ,Ps*)+cOR (Sm ,5*) (5)

Thisinequityandthereforeabovefindingsimplicit

limm->000% (Sm+1,Ps*)<a0R(s*,Sm+1 J+bOR(s*,Sm+1 )J+cOR(s*,s*)

<aOR(s* s*)+bOR(s* s*)+cOR(s* 5%

WhileSisanR-

propertymap,soweobtains*RPs*(or)Ps*Rs* Withoutlossofgenerality,wewilltakes*®RPs* . Then,by
utilizing(D4)with(1), weobtainthesubsequent foreverym>a, b,c

O (s*Ps*)<gOR (s*,Sm+1 )+g0R (Sm+1,Ps*)-OR (Sm+1,Sm+1)

<gOR (s* Sm+1)+gOR (PSm ,Ps*)

<gO% (s*,Sm+1 J+g[a®% (Sm PSm J+bOR(Sm Ps*)+cO%R (Sm 5¥)]

Whenmtendstoinfinity,theaboveinequitygivesos (s*,Ps*)=0.Henceweobtain

Og (s*,Ps*)=0,0% (s*,5*)= 0 andOw (Ps*, Ps*)=0.Hence,s*=Ps*, that is ,s*is a fixed pointofP.

Corollary 3.1:

Admit(S,, 0%, g)beaR-completeR-partialb  -metric  space  havingconstantg>landpermits,
€Sbesuchthats,Rtforeveryt€S.PermitP:S—SbeR-preservingandanR-
propertymapsatisfyingthesubsequent

0w (Ps,Pt)<ags(s,Ps)+b[on(s,Pt)+0%(s,t)]+c[on(t, Ps)+ox(t,Pt)]

foralls,t€SwithsRt,wherea,b,c€0,1/g).

Then,Phaveafixedpoint s*€Sandos(s*,s*)=0.
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