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Abstract 

Matthews introduced the concepts of partial metric spaces and proved the Banach fixed point theorem in complete partial 

metric spaces.  

Dukic, Kadelburg, and Radenovic proved fixed point theorems for Geraghty-type mappings in complete partial metric 

spaces.  

Chang IL Kim and Giljun Han proved fixed point for some contractive mapping in a complete partial metric space. 

In this paper, we generalize the concept of Chang and Giljun et.al. in the space of partial b-metric space. 
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1. Introduction and Preliminaries 

Metric spaces has been generalized in many ways. Among others, thenotion of a partial metric space 

was introduced in 1992 by Matthews [5]to model computation over a metric space. His goal was to 

study thereality of finding closer and closer approximation to a given number andshowing that 

contractive algorithms would serve to find these approximations. 

In the sequel Bhaktin[10] and Czerwick[11] introduced b-metric spaces as a generalization of metric 

spaces. In 2013, Shukla[9] introduced the concept of partial b-metric spaces.  

 

Mathematics Subject Classification: 47H10, 54H25. 

 

Definition 1.1. Let X be a non-empty set. Then a mapping d:X x X →[0, ∞) is called a partial metric if 

for any x, y, z ∈  X, the following conditions hold: 

(i) d(x, x) ≤ d(x, y), 

(ii) d(x, y) = d(y, x), 

(iii) if d(x, x) = d(x, y) = d(y, y), then x = y and 
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(iv) d(x, z) ≤ d(x, y) + d(y, z)- d(y, y) 

In this case, (X, d) is called a partial metric space. 

Definition 2.1[9] A partial b-metric on a non-empty set X is a mapping :b X X + →  such that 

for all , , :x y z X  

(i) x y=  if and only if ( ) ( ) ( ), , , ;b b bx x x y y y= =    

(ii) ( ) ( ), , ;b bx x x y   

(iii) ( ) ( ), , ;b bx y y x=   

(iv) there exists a real number s  1 such that  

  ( ) ( ) ( ) ( ), , , , .b b b bx y s x z z y z z + −       

A partial b-metric space is a pair (X, b ) such that X is a non-empty set and b  is a partial b-metric 

on X. The number s is called the coefficient of (X, b ).  

Proposition 2.1:[12] 

 Every partial b-metric bdefines a b-metric d
b

 , where 

 ( ) ( ) ( ) ( ), 2 , , ,
b b b bd x y x y x x y y   = − −  for all , .x y X  

Lemma 2.1[12] 

(i) A sequence {xn} is a b
 -Cauchy sequence in a partial b-metric space (X, b ) if and only if 

it is a b-Cauchy sequence in the b-metric space (X, 
b

d ). 

(ii) A partial b-metric space (X, b ) is b -comlete is and only if the b-metric space   (X, d b
 ) 

is b-complete. Moreover, ( )lim , 0b n
n

d x x
→

=  if and only if 

( ) ( ) ( )
,

lim , lim , , .b n b n m b
n n m

x x x x x x  
→ →

= =  

 

Lemma 1.2. [6] Let (X, d) be a partial metric space. Then we have 

the followings: 



Nat. Volatiles & Essent. Oils, 2021; 8(4): 9870-9877 

 

9872 

 

(1) {Bd(x, ε)|x ∈ X, ∈ > 0} is a base for some topology τd, 

(2) (X, τd ) is a T0-space and 

(3) a sequence {xn}converges to x  in (X, τd) if and only if lim
n→∞

d(xn, x) = d(x, x) 

Let (X, d) be a partial metric space. A sequence {xn}  in (X, d) is called Cauchy if lim
n→∞

d(xm, xn) exists 

and is finite and (X, d) is called complete if every Cauchy sequence {xn}  in (X, d) converges to x 

in (X, τd) such that lim
n→∞

d(xn, x) = d(x, x) = lim
n→∞

d(xm, xn) 

 

Lemma 1.3. [8] Let (X, d) be a partial metric space. Then a sequence {xn}  converges to x in (X,τd) 

with d(x; x) = 0 if and only if for any y ∈ X, lim
n→∞

 d(xn, y) = d(x, y). 

There exist many generalizations of the well-known Banach contraction mapping principle in the 

literature. In particular, Matthews [5],[6] proved the Banach fixed point theorem in partial metric 

spaces and after that, fixed point results in partial metric spaces have been studied by many 

authors([1], [3], [7]). 

First, the well-known Banach contraction theorem [2] is stated as follows. 

 

2. Fixed point theorem for some contractive mapping in a complete partial b-metric space. 

In this section, we will prove a fixed point theorem for some contraction in complete partial b-metric 

spaces. 

 

THEOREM2.1 

Let (X, p) be a complete partial b-metric spaces and f: X →  X a mapping such that there is a γ∈ ∑ 

such that  

p(f(u), f(v))  ≤  s γ(B(u, v)) B(u, v) (1) 

for all u, v ⊂  X,where 

A(u, v)  =  max{sp(u. v), sp(u, f(u), sp(v, fv), s
2⁄ [p(u, fv)  +  p(fu, v)]} 

Then there is a unique fixed point‘a’ of f with p (a, a)  =  0 

Proof: 

 Let u ∈  X and for any n ∈  N,  



Nat. Volatiles & Essent. Oils, 2021; 8(4): 9870-9877 

 

9873 

 

Letf n+1(u) = f(f nu)andun = f nu 

Suppose that p(um, um+1) = 0for some m ∈  N 

Hence one has the results. 

Suppose thatp(un, un+1) > 0 for all n ∈  N 

For any n ∈  N, letαn=  p(un, un+1)            (1) 

p(un, un) ≤ γ(B(un−1, un−1)) B(un−1, un−1) ≤ γ(B(un−1, un−1)) αn−1 

for all n ∈  N. Then by (1), 

 αn+1 ≤ s γ(B(un+1, un)) B(un+1, un)                          (2) 

≤ s γ(B(un+1, un)) max {s αn , s αn+1, s 2⁄ [p(un+1, un+1) +p(un+2, un)]},  

for all n ∈  N.  

If max{s αn , s αn+1, s 2⁄ [p(un+1, un+1) + p(un+2, un)]} = s αn+1 

for some n ∈  N. Then by (2), we have αn+1 = 0, because αn+1 ≠0 and 

0 ≤ s γ(B(un+1, un)) < 1, which is a contradiction. 

 αn+1< max {s αn , s αn+1, s 2⁄ [p(un+1, un+1) + p(un+2, un)]}     (3) 

for all n ∈  N. Hence by (2.2) and (2.3), we get 

αn+1≤ s γ(B(un+1, un)) max {s αn , s 2⁄ [p(un+1, un+1) + p(un+2, un)]}      (4) 

Suppose that there is an n ∈  N such that 

αn ≤ s 2 ⁄ [ p (un+1, un+2) + p (un+2, un) - p (un+2, un+2) ]                          (5) 

      ≤ s 2 ⁄ αn+1 + s 2 ⁄ αn - s 2 ⁄ αn+2   (6) 

αn ≤ s αn+1   (7) 

By (6) and (7), we have 

s
2⁄ [p(un+1, un+2) + p(un+2, un) - p(un+2, un)] ≤ s 2 ⁄ αn+1 + s 2 ⁄ αn 

   ≤ s αn+1 - s 2 ⁄ αn+2 



Nat. Volatiles & Essent. Oils, 2021; 8(4): 9870-9877 

 

9874 

 

Thus  

  αn+1 = max { αn, 1 2⁄ [ p (un+1, un+2) + p(un+2, un) - p(un+2, un)]} 

which is a contradiction. Hence we have  

                         αn > 1
2⁄ [ p (un+1, un+2) + p(un+2, un)] for all n ∈ N         (8) 

Thus by (4) & (5), we have 

αn+1 ≤ γ( B (un+1, un)) αn < αn for all n ∈ N. 

So {αn} is a bounded below real decreasing sequence. 

Thus there is a non-negative real number α with lim
n→∞

αn = α. 

Suppose that α> 0. Letting n →∞ in (9), we get  

lim
n→∞

γ( B (un+1, un)) = 1 

Since  γ ∈ ∑ and B (un+1, un)) = αn 

0 = lim
n→∞

B (un+1, un) = lim
n→∞

αn  = α,  

which is a contradiction.  

Thusα =  0 and so 

lim
n→∞

p (un, un+1) = 0                  (10) 

To prove: {αn} is a Cauchy sequence in (X, p).  

It is enough to show that lim
n,m→∞

p (um, un) = 0. 

Suppose that lim
n,m→∞

p (um, un) ≠ 0. Then there is an ϵ> 0 and there are subsequences {um(l)}, 

{un(l)}of {un} such that m(l) > n(l) >l and 

p (um(l), un(l))  ≥ ϵ   (11) 

Moreover, for any l ∈  N, we can choose m(l) in such a way that it is smallest integer with m(l)  >

 n(l) and satisfies (11). 

Thenp (um(l)−1, un(l))  < ϵ   (12)  
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By (11) and (12), we have 

ϵ  ≤ p (um(l), un(l)) 

≤ s[p (um(l), um(l)−1) + p (um(l)−1, un(l)) - p (um(l)−1, um(l)−1)] 

≤ s [p (um(l), um(l)−1) + p (um(l)−1, un(l))] 

< s p (um(l), um(l)−1) + s ϵ (13) 

for all l ∈  N.  

By (10) and (13), we have 

ϵ  ≤ p (um(l), un(l)) < s ϵ 

lim
l→∞

p (um(l), un(l)) = ϵ   (14) 

and 

p (um(l)−1, un(l)−1) ≤ s{ p (um(l)−1, um(l)) + p (um(l), un(l))] +  

p (un(l), un(l)−1)]  

for all l ∈  N.  

Letting l → ∞ in the last inequality, by (10), we get 

 lim
 l→∞

p (um(l)−1, un(l)−1)  ≤ ϵ 

Since 

p (um(l), un(l)) ≤ s [ p (um(l), um(l)−1) + p (um(l)−1, un(l)−1) +   

p (un(l)−1, un(l))] 

for all l ∈  N,ϵ  ≤ s lim
l→∞

p (um(l)−1, un(l)−1)   (16) 

By (15) and (16), we have       ϵ  ≤ s lim
l→∞

p (um(l)−1, un(l)−1) ≤ ϵ 

p (um(l)−1, un(l)−1) = ϵ   (17) 

By (10) and (12), we have 
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ϵ  ≤p (um(l), un(l) ≤ sγ(B(um(l)−1, un(l)−1)) B(um(l)−1, un(l)−1)                            

≤ s γ(B(um(l)−1, un(l)−1)) max { s p(um(l)−1, un(l)−1),sp(um(l)−1, um(l)),  

sp(un(l), un(l)−1),  s 2⁄  [ p (um(l)−1, un(l)) + p (um(l), un(l)−1]} 

≤ γ(B(um(l)−1, un(l)−1)) max { s p(um(l)−1, un(l)−1), s p(um(l)−1, um(l)),  

sp(un(l), un(l)−1),  s 2⁄  [ϵ + p (um(l), un(l)) + p (un(l), un(l)−1]} 

By (14) and (17), we getlim
l→∞

s p(B (um(l)−1, un(l)−1)) = 1 

Hence                         lim
l→∞

B (um(l)−1, un(l)−1))   = 0  

and solim
l→∞

p (um(l), un(l)) = 0  

which is a contradiction to (11). Thus 

lim
m,n→∞

p (um, un) = 0  

and so {un} is a Cauchy sequence in (X, p). Since (X, p) is a completepartial metric space, there is 

‘a’ ∈  X such that 

lim
n→∞

p(u, a) = p(a, a) = lim
m,n→∞

p (um, un) 
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