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Abstract

Matthews introduced the concepts of partial metric spaces and proved the Banach fixed point theorem in complete partial
metric spaces.

Dukic, Kadelburg, and Radenovic proved fixed point theorems for Geraghty-type mappings in complete partial metric
spaces.

Chang IL Kim and Giljun Han proved fixed point for some contractive mapping in a complete partial metric space.

In this paper, we generalize the concept of Chang and Giljun et.al. in the space of partial b-metric space.
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1. Introduction and Preliminaries

Metric spaces has been generalized in many ways. Among others, thenotion of a partial metric space
was introduced in 1992 by Matthews [5]to model computation over a metric space. His goal was to
study thereality of finding closer and closer approximation to a given number andshowing that
contractive algorithms would serve to find these approximations.

In the sequel Bhaktin[10] and Czerwick[11] introduced b-metric spaces as a generalization of metric

spaces. In 2013, Shukla[9] introduced the concept of partial b-metric spaces.

Mathematics Subject Classification: 47H10, 54H25.

Definition 1.1. Let X be a non-empty set. Then a mapping d:X x X =[0, <o) is called a partial metric if
foranyx, vy, z € X, the following conditions hold:

(i) d(x, x) < d(x, y),

(ii) d(x, y) = dly, x),

(iii) if d(x, x) = d(x, y) = d(y, y), then x =y and
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(iv) d(x, z) < d(x, y) + dly, z)- d(y, y)

In this case, (X, d) is called a partial metric space.
Definition 2.1[9] A partial b-metric on a non-empty set X is a mapping pb: X x X =07 such that

forall X,y,ze X :
(i) x=Yy ifandonly if o, (X,X)=p, (X, ¥)=p,(¥,¥);
i p(xx)<p(%Y);

(i) oy (%)=, (¥:X);

(iv) there exists a real number s > 1 such that

2y (X, y)gs[pb(x,z)+pb(z, y)]—pb(z,z).

A partial b-metric space is a pair (X, O ) such that X is a non-empty set and /)b is a partial b-metric

on X. The number s is called the coefficient of (X, p, ).
Proposition 2.1:[12]

Every partial b-metric pydefines a b-metric d p,, where

d, (%Y)=2p,(%Y)=p (X X)=p, (YY) forall x,y e X.
Lemma 2.1[12]
(i) A sequence {xn}is a o, -Cauchy sequence in a partial b-metric space (X, p, ) if and only if
it is a b-Cauchy sequence in the b-metric space (X, dpb ).

(ii) A partial b-metric space (X, p, ) is p, -comlete is and only if the b-metric space (X, d p, )

is b-complete. Moreover, limd , (x,x,) =0 if and only if
n—o

lim p, (X, X,) mwpb(xn,xm):pb(x,x).

= li
n—o n,m—

Lemma 1.2. [6] Let (X, d) be a partial metric space. Then we have

the followings:
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(1) {Bq(x,€)|x € X, € > 0} is a base for some topology 14,
(2) (X, tq ) is a Tp-space and

(3) a sequence {x, }converges to x in (X, tq) if and only if lim d(x,,x) = d(x, x)
n—eo
Let (X, d) be a partial metric space. A sequence {x,} in (X, d) is called Cauchy if lim d(xy,, X,) exists
n—ooo

and is finite and (X, d) is called complete if every Cauchy sequence {x,} in (X, d) converges to x

in (X, Tg) such that lim d(x,,x) = d(x,x) = lim d(X;, Xp)
n—ee n—oo

Lemma 1.3. [8] Let (X, d) be a partial metric space. Then a sequence {x,} converges to x in (X,tq)

with d(x; x) = 0 if and only if for any y € X, lim d(x, y) = d(x, y).
n—ee

There exist many generalizations of the well-known Banach contraction mapping principle in the
literature. In particular, Matthews [5],[6] proved the Banach fixed point theorem in partial metric
spaces and after that, fixed point results in partial metric spaces have been studied by many
authors([1], [3], [7]).

First, the well-known Banach contraction theorem [2] is stated as follows.

2. Fixed point theorem for some contractive mapping in a complete partial b-metric space.

In this section, we will prove a fixed point theorem for some contraction in complete partial b-metric

spaces.

THEOREM2.1

Let (X,p) be a complete partial b-metric spaces and f: X = X a mapping such that there is a y€ ¥

such that
p(f(w), f(v)) < sy(B(u,v)) B(u,v) (1)
forallu,v c X,where
A(u,v) = max{sp(u.v),sp(u, f(u), sp(v, fv), 5/2 [p(u, fv) + p(fu,v)]}
Then there is a unique fixed point‘a’ of f withp (a,a) = 0
Proof:

Letu € Xandforanyn € N,
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Letf®*1(u) = f(f"u)andu, = f™u

Suppose that p(up,, Uy 4+1) = Ofor somem € N

Hence one has the results.

Suppose thatp(u,,u,4+q) >0foralln € N

Foranyn € N, leta,= p(up, Up41) (1)

p(up, up) S Y(B(up—1, Un—1)) B(up—1, Un—1) S¥(B(up—1,un—1)) an—1

foralln € N.Then by (1),

Op+1 S5 V(B(Untq, Up)) B(Uupiq, Up) (2)

< sV(B(upt1, up)) max{s oy, ,saniq, S/z[p(un+1' Up+1) +P(Unt2, Un)]}

foralln € N.

If max{s oy , S Qp+1, S/z[p(un+1; Up+1) + P(Unt2, Un)]} =S Qpyg

forsomen € N. Then by (2), we have a,,,; =0, because a,,; #0 and

0 <sy(B(up41,uy)) <1, which is a contradiction.

OUng1< Max {s @y, S Anp1, 5/50P(Uns1, Ungr) + P(Ungz, U]} (3)

foralln € N. Hence by (2.2) and (2.3), we get

AU +15 S V(B(Unt1, Un)) max {s oy, 5/5[P(Uns1, Unta) + PlUnsz, un)l}  (4)

Suppose that thereisann € N such that

an £5/5 [P (Ung1, Ungz) + P (Ungz, Un) - P (Untz, Unsz) ] (5)
<5/5 tnp1 +3/o on -3/5 anyy (6)

Oy S5 0y (7)

By (6) and (7), we have

S/2 [P(Un+1, Un+2) + P(Unt2, Un) - P(Un42, un)] < S/z Qptq + 5/2 Qn

s
<Sny1 -/ Onyz
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Thus

Ons1 = Max { an, 1/50P (Un1, Unsz) + P(Unsz, Un) - P(Unoz, )]}
which is a contradiction. Hence we have
oy > 1/)0p (Uns1, Uns2) + PlUnsz, up)l foralln €N (8)
Thus by (4) & (5), we have
Opt1 SY(B (upsq,up)) oy < oy foralln €N.
So {a,} is a bounded below real decreasing sequence.

Thus there is a non-negative real number a with rlll_r)rolo o, = 0.
Suppose that o> 0. Letting n o< in (9), we get

lim y(B (s 1,un)) = 1

Since y €Y and B (up41,uy)) = ay

0= lim B (upyp,un) = limey, =,

which is a contradiction.

Thusa = 0and so

lim p (i, Ups1) =0 (10)

To prove: {a,} is a Cauchy sequence in (X, p).

It is enough to show that lim p (up,,u,) =0.
n,m-oeo

Suppose that lim p (upy,uy) #0. Then there is an €> 0 and there are subsequences {upy},
n,m-oeo

{unqytof {uy} such that m(l) > n(l) >l and

P (Umqy, Uny) =€ (11)

Moreover, for anyl € N, we can choose m(l) in such a way that it is smallest integer with m(l) >

n(l) and satisfies (11).

Thenp (Um@)—1, Unay)) <€ (12)
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By (11) and (12), we have

€ <p (Umqy Unqy)

<slp (Um@y, Um@-1) + P (Um@)-1, Unay) - P (Um()—1, Um@)-1)]
< s [p (Um@y, Um@y-1) + P (Um@y—1, Unqy)]

<P (Um@y, Um(y—1) + s € (13)

foralll € N.

By (10) and (13), we have

€ <p (Umqy Unqy) <SE€

mp (um@y, un@y) =€ (14)

and

P (Um@)—1, Un@y)=1) £ S{ P (Um@)—1, Um@)) + P (Umq), Unqy)] +
P (Uny, Unqy-1)]

foralll € N.

Letting ] - o= in the last inequality, by (10), we get

limp (Um@-1, Un@-1) S€

Since

P (Um@y, Unqy) €5 [P (Umay, Um@-1) + P (Um@)—1, Un@y-1) +
P (Un@y-1, Uny)]

foralll € N,e <s lll)rgp (Um@)-1,Uny-1) (16)

By (15) and (16), we have € <s lll_)tgp (Um@)-1, Un(y-1) < €
P (Um@-1,Uny-1) =€ (17)

By (10) and (12), we have
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€ <p (Um@), Unq) < SY(B(Um@y-1, Unay-1)) BlUm@y-1, Unay-1)
< s Y(B(Um@-1, Uny=1)) Max{s p(Umy-1, Unay-1),SP(Um@)-1, Umq)),
sP(Unqy, Uny=1), 3/2 [P (Um@y—1, Un@) + P (Um@y, Unay-11}
S V(B(Um@y-1, Uny-1)) Max {s p(Umy-1, Una-1), S P(Uma)—1, Um@)),
sP(Unqy, Uny-1), 3/2 [€+ P (Umay, Uny) + P (Unqy Unay-11}

By (14) and (17), we getlims p(B (Um@)-1, Un@-1)) = 1
Hence }LTOQB (Um@)-1,Un@y-1)) =0
and solimp (Um), Unq)) =0

which is a contradiction to (11). Thus

lim p (uy,u,)=0
m,n—eo

and so {u,} is a Cauchy sequence in (X, p). Since (X,p) is a completepartial metric space, there is

‘a’ € Xsuch that
limp(u, a) =p(a,a)= lim p (upy,uy)
n—eo m,n—eo
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