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Abstract

Let G = (V, E) be an intuitionistic fuzzy graph. A function f: V — [0,1] is called an independent function if dNu[v] =1,dy,[v] #
1 for every v € V, where p,(v) > 0, v;(v) # 1. An independent function fis maximal if dN“[v] =1,dy,[v] # 1for everyv €

V, where p; (v) = 0, v;(v) # 1. The parameters of an intuitionistic fuzzy graph, such as the independent domination number
(ij) and the independence number (B,,), are also defined.
Keywords: Independent function; independent domination number; independence number.

1. Introduction

Let a graph G = (V,E) and f:V — [0,1] be a function which weights are assigns to each vertex
of a graph in the interval [0,1]. We say f is dominating function(DF) if f(N[v]) = Xyenpw) f(w) = 1 for
every v € V. We say that a dominating function f is a minimal dominating function(MDF) if for all
function g:V — [0, 1] with g < f, g is not a dominating function of G. Then the fractional domination
number and upper fractional dominating number of G can be defined as y;(G) = min{|f] :
fis an MDF of G} andI¥(G) = max{|f| : f is an MDF of G } in [2,3,4]. Motivated by this concept M.
G. Karunambigai et al.[5] introduced the concept of dominating function, minimal dominating function,
intuitionistic fractional domination number and upper intuitionistic fractional domination number of an
intuitionistic fractional graph. The concept of fractional independent function was introduced by S.
Arumugam et al. [1]. Let G = (V,E) be a graph. A function f:V — [0,1] is called a independent function
if for every v with f(v) > 0, we have Y, ey f(w) = 1. An independent function f is called a maximal
independent function(MIF) if for every v with f(v) = 0, we have Y, ey f () = 1. Then the fractional
independence number and fractional independent domination number of G can be defined as ﬂof(G) =
max({|f| : f is an MIF of G} and if(G) = min{|f]| : f is an MIF of G}. Articles [1,5] motivated us to
analyze the intuitionistic fuzzy independent function parameters of intuitionistic fuzzy graphs. Section 2
contains preliminaries and in section 3, we introduce the concept of independent function, maximal
independent function, boundary set and positive set of an intuitionistic fuzzy graph(IFG). Also it deals
with several results on independent function in IFGs and in Section 4, concludes the paper.

2. Preliminaries

An intuitionistic fuzzy graph(IFG)[7] is of the form G = (V,E) where V = {v{,v; ..., v} such
that uq:V = [0,1] and v1: V = [0, 1] denote the degree of membership function and nonmembership
function of v; € V, respectively, and 0 < p;(v;) +v1(v;) <1, for everyv; €V,(i=1,2,..n) and
ECVXxVwhereu,:VxV - [0,1] andv,:V XV - [0, 1] denote the degree of membership function
and nonmembership function of (v;,v;) € E,such that p, (v;, v;) < min[py (v), p1(vj)], v2(vi,vy) <
max[vy(v;),v1(v;)] and 0 < pp(v;,v;) + v2(v;,vj) < 1for every (v;,vj) €E, (i,j = 1,2,..n). An
intuitionistic fractional graph G = (V, E) is a pair in which is a finite set or fuzzy set or intuitionistic fuzzy
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set and E is a finite set or fuzzy set or intuitionistic fuzzy set of 2-element subsets of V. An intuitionistic
fuzzy graph is a generalisation of the concept of an intuitionistic fractional graph. The closed
neighbourhood degree of the vertex v €V of an IFG G =(V,E), is defined as dy[v]=
(dy,[v],dy,[v]) where dy [v] = [EyenmpiW)] + 1 (¥) and dy [V] = [EyenmviW)] + v1(v)
[8]. In this section, we present some basic definitions.

Definition 2.1 [5]

A function f, :V — [0,1] is called a g —dominating function of G = (V,E) if the closed neighborhood
degree of a vertex v € V such that f (de["]) = ZuENFll[W] ui(u) = 1foreveryv eV.

Definition 2.2 [5]

A function f,:V — [0, 1] is called a v —dominating function of G = (V, E) if the closed neighborhood
degree of a vertex v € V where v{(v) # 1 such that f (dNn[”]) = ZuENvl[w] vi(u) < 1for everyv €
V.

Definition 2.3 [5]

A function f,, ,,:V — [0,1] is called a dominating function if it is p —dominating and v —dominating
function of G with 0 < f, (v) + f,,(v) <1 for each v €V or A function f=f, ,:V —[0,1]is
called a dominating function of G = (V,E) in which Vis a intuitionistic fuzzy set and E is a 2-element
subsets of Vif the closed neighborhood degree of a vertex v € V where p;(v) = 0, v4(v) # 1 such
that ZueNﬂl[v] =1, ZuENV1[,,] vi(u) <1 for every vV with 0 < f, (v) + f,,,(v) <1 for
eachv eV.

Definition 2.4 [5]

An dominating function f = f, .. of G is called a minimal dominating function(MDF) if for every v € V,
where v4(v) # 1 such that ZuENﬂl[U] u(w) =1, ZueNvl[V] v4(u) < 1foranyu € N[v].

Definition 2.5 [5]

The intuitionistic fractional domination number of G, denoted by y;;(G)is defined as, y;r(G) =
min{|f| : f is an MDF of IFG } where |f| = Xy f(¥) = (Zvev fu, @), Zvev fr, @) o ¥if(6) =
<Yifu1 (6), Yif., (G)) where Yif,, is a fy, —intuitionistic fractional domination number and Yif,, is a

fv, —intuitionistic fractional domination number of G.

Definition 2.6 [5]

The upper intuitionistic fractional domination number of G, denoted by I';¢(G) is defined as, I'if(G) =
max{|f| : f is an MDF of IFG} where |f| = Ypey f(¥) = (Bvev fu, @), Zvev fv, (@) or T5(6) =
(I",-f”1 (G),I‘l-fv1 (G)) where I"l-fu1 is a f,, —upper intuitionistic fractional domination number and I",-fvl

is a f,,, —upper intuitionistic fractional domination number of G.
Definition 2.7 [6]

A function f = f,, ,.:V = [0,1] is called an irredundant function of G = (V, E) in which V'is a
intuitionistic fuzzy set and E is a 2-element subsets of V if for every v € V where u;(v) = 0,v,(v) # 1
such that ZuENﬂl[W] =1, ZuENvl[w] vi(u) <1foranyw € N[v]with0 < f, (v) +f,,(¥) <1
for each v € V. An irredundant function f = f,, ,, of G is called a maximal irredundant function if for
all function g:V(G) - [0,1] with g < f, g is not an irredundant function. Then the intuitionistic
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fractional irredundance number and upper intuitionistic fractional irredundance number of Gis defined
as, iry(G) =min{|f[: f is an maximal irredundant  function of G } or iry(G) =

(irifﬂl (6), irify1 (G)) and IR;s(G) = max{|f|: f is an maximal irredundant function of G} where or

IR (G) = (IRiful (G):IRif,,l (G)> where |f| = Zpey f(V) = (Zver fu, @), Zvev fv, @), iry, is a
fu, — intuitionistic fractional irredundance number, irifv1 is a f,, — intuitionistic fractional
irredundance number of G, IR,-M1 is a f,, —upper intuitionistic fractional irredundance number and
IR,-fv1 is a f,,, —upper intuitionistic fractional irredundance number of G.

In the above definitions, we denote the function name f,, by uq, f,, by vy, fu, v, by fand the

closed neighborhood degree of a vertex v € V denote f(de[v]) = ZueNul[U] uq(u) by dNM[v] ,

f(del[v]):ZueNvl[v]vl(u) by dNu[v] by notational convenience for using the forthcoming

theorems and results.
3. Independent function on intuitionistic fuzzy graph

Definition 3.1
A function u:V — [0,1] of an IFG, G = (V, E) is called u; —independent function of G if dN” [v] =1 for

every v € V, where u, (v) > 0.

Definition 3.2

A u; —independent function of an IFG, G = (V, E) is called maximal p,; — independent function of G if
dy,[v] = 1foreveryv €V, where iy (v) = 0.

Definition 3.3

A function vy:V — [0,1] of an IFG, G = (V, E) is called v; —independent function of G if dy [v] < 1 for
everyv € V, wherev;(v) # 1.

Definition 3.4

A v, —independent function of an IFG, G = (V, E) is called maximal v; — independent function of G if
dy,[v] # 1foreveryv € V, where v, (v) # 1.

Definition 3.5

A independent function f:V — [0,1] of an IFG, G = (V,E)is a u;-independent function and av;-
independent function on G, where the values of f are of the kind {1y, v;) and yu; (v) + v;(v) < 1 for all
vevV.

Definition 3.6

Let G = (V,E) be an IFG. A independent function f:V — [0,1] is called a maximal independent function
of G if there does not exist a independent function f # g, for which g(v) < f(v) for everyv € V.
Equivalently a function fis said to be maximal independent function of G if it is a maximal
w, —independent function and a maximal v; —independent function of G, that is dNu [v] =1, dy,[v] #

1 foreveryv € V, where u;(v) = 0,v,(v) # 1.

Remark 3.7

Let f:V = [0,1] is a independent function on an intuitionistic fuzzy graph G = (V,E) where f =
{f1,f2, -, }. Then f is a maximal independent function of G (i.e., f = {f; : f; # fj, fi(v) < f;(v) for all
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veV,i,j=12,..}) if and only if whenever u;(u) > 0,v;(u) # 1 there exists some v € N[u] such
that dNﬂ[u] = 1,dy, [u] < 1andu dominates v.

Definition 3.8
The independent domination number i;¢(G) and the independence numberﬁoif(G) of an IFG G are

defined as

(i) ir(G) = (iiful (@), iifv1(6)> where il-f#1 is a y; — independent domination number and iifvl is a
v; — independent domination number of G. Equivalently i;¢(G) = min{|fj| : fjis a maximal
independent function of IFG} where mm{|fj|} = min{|(uy,v1)|} = (min|y, |, min|v,|), | | =
Yvev (), vi| = X evvi(), 1 = 1,2,...,m, j = 1,2, ...

(i) B, (G) = (ﬁo. (G), Bo. (G)) where By.. is a y; — independence number and S, is a

if ifuq ifvq ifuq ifvy

v; — independence number of G. Equivalently Boif(G) = max{|fj| : fjis @ maximal independent

function of IFG} where max{|f;|} = max{l{uy, v;)I} = (max|p |, maxjvi]), I = Tyev i1 (v0),

[vil = Xo,ev vi (v0).

The problem of finding the independent domination number(i;s) and independence number(ﬂoif) of
an IFG which is equivalent to finding the optimal solution of the following linear programming problem.
(a) lif,, = min cXip = Xie1 11 (vy), Subject to dNu [vi] = 1 with U (v;) €011V v; €V(G)
(b) iifvl = min cX;y = XiL; v1(v;), Subject to dy,[vi] = T with vi(v) €[0,1]Vv; e V(G)
(c) ﬁoiful = max cX;r = Xi-q iy (v;), Subject to dy, [v;] < T with iy (v;) € [0,1]Vv; e V(G)

(d) ﬁoifvl =max cX;r = Xi-,v1(vy), Subject to dy, [v;] < T with v, (v;) € [0,1]V v; € V(G)

Note that dN# [v;] = N. Xir where N is the closed neighborhood of y; — independent function value of

the matrix , Xir = [ (v1), g (V2), oo, i1 (0)]" & 1=[11,..1]t be the column vector, c =1, =
[1,1,..,1], i=12,..,n be the row vector. Similarly dy [v;] = N.X;; where N is the closed
neighborhood of v; — independent function value of the matrix and X;¢ = [v;(v1), V1 (vy), ..., v1 (1,)]*
be the column vector.

The above L.P.P. is to be solved by using Linear Program Solver
software(LiPS).

Remark 3.9

Since every maximal independent function is an minimal

,(0,0.2)

dominating function, we have (0,0.4)vs
vif,, (G) < lip, (G) < lBOifﬂl (G) Ty, (G)and
Vi, (G) = iy, (G) < ﬂoifvl (G) < Ty, (G). (0,0.4)

Hence we obtain the following analogue of domination chain

1,(1,0)

(0,0.3)

for the intuitionistic fuzzy domination: (1,0)v, 15(0,0.3)
iryg, (G) Svig, (G) S iy, (G) < Boy,, (G) =Ty, (6) < (0,03)

IRiful (G) and Flgl
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iryg, (G) =vif, (G) = iy, (G) < ﬁoifvl (G) s Tjy, (G) < IRy, (G)
Example 3.10
Here V = {vy,V,, V3,04, U5} and E = {v1Vy, V3 V3, V3 Uy, Uy Vs, UsVy }.

In Figure 1, N[v,] = {v; v, vs}, N[v,] = {vy,v5,v3},

N[v3] = {v,,v3, 14}, N[vy] = {v3,v4,v5}, N[vs] = {vy, 14, s}

1 if vi=vm 0.6 if vi=v
1 if v,=v, 0.5 if vi=v,
Then dNﬂ[vi] ={ 2 if vi=vy ,dy[v] =403 if v =v3
1 if vi=w, 0.7 if vi=v,
1 if vi=vg 0.6 if v;,=vsg

Therefore a function f:V — [0,1] of an IFG, G is a maximal independent function. Since dy [v;] = 1,

dy,[v;] # 1 foreveryv € V. In that case,

. , , 5 5

iy (6) = (i, @), () = (2 ,0) and o, (6) = (8o, (©) By, (©)) = (2.2)

Definition 3.11

For a dominating function (DF) f of an G G, the boundary set B;r and positive set P;s are defined by

By ={ve V/dNﬂ[vi] =1,dy,[v;] <1}and Py = {v eEV/ %i 511((3))511}
Definition 3.12

LetG = (V,E) be an IFG and let A,B € V. A is said to dominate B if eachv € B — A is adjacent to a
vertex in A. If A dominates B, we write (A - B).

Example 3.13

InFig 1, Bir = {vy1,V3,v4,Vs} and Pip = {v4, V3, Vs5}. we take A = {vy,V;, vy, V5}, B = {vy,V3,Vs}. Then
B — A = {v3}is adjacent to a vertex in A. Therefore B;r dominates P;r denoted by B;s — P;¢

Definition 3.14

Let f, g be two domination functions of an IFG G, and let 0 <A < 1.Then hy = Af + (1 — A)g is called
a convex combination of f and g.

Theorem 3.15

A domination function f of an IFG G is an minimal dominating function if and only if B;r — P;y.

Proof:

Let f be an minimal dominating function of an IFG G and take B;s, Pir & V(G). Then any vertexv €
Pis — B;r is adjacent to a vertex in B;s. Hence B;r — P;r. The converse part is trivially true by the
definition of B and P¢.

Remark 3.16

If a function f:V — [0,1] is an independent function, then P;s < B¢

Theorem 3.17

Every maximal independent function of an IFG G is an minimal dominating function.

Proof:

Let f be a maximal independent function of an IFG G. It follows from the definition that dN”[v] =1,

dy,[v] # 1forallv € V. Hence f is a dominating function.
Further Pis < B;r so that B;s — P;r. Hence by Theorem 3.15 that f is an minimal dominating function.
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Lemma 3.18

Any minimal dominating function f of an IFG G with B;; = V' is an maximal independent function of G.
Proof:

Since B;y =V, we have Piy < B;f and hence f is an independent function. Also since f is an minimal
dominating function, dN”[v] >1,dy,[v] # 1for allv €V and hence f is an maximal independent
function.

Corollary 3.19

If G is an intuitionistic fuzzy graph with B;s =V for every minimal dominating function f of G then
Yir = lir and Bo . = Tif.

Remark 3.20

The convex combination of two dominating functions of an IFG G is again a dominating function and also
the convex combination of two minimal dominating functions of an IFG G again a minimal dominating
function.

Theorem 3.21

Let f and g be an minimal dominating functions of G. Let hy = Af + (1 — 1)g, where 0 < A < 1. Then
hy is an minimal dominating function of G if and only if B;r N B;; = Pis U Py

Proof:

We prove that By, = Bjy N Byg and P, = Pis U Pyy. The result is then immediate from Theorem 3.15. If
VEPUP,, then f(v) =gw) =h{W) =@ () =0,0<v,(v)<1). If, say, v€E€ Py, then
(@) = (v) > 0,0 <vi(v) < 1) = Af(v) = Ay (v) > 0,Av1(v) > 0)). Thus P, = Pif U Pyy.
Suppose v € Bjs N B;,. Then

i (dw, 1) = 2(f (dn, 1)) + (@ = D) (g (dy, [01)) = 1

ha(dw, [v]) = 2(f (dy, [v])) + (1 = D) (g(du, [v])) < 1
A similar calculation shows h; (dNu [v]) >1, h,l(de v]) <1
forv & B;r N B;; and hence By, = By N Byy.
Remark 3.22
The convex combination of two maximal independent functions of an IFG G, need not be an
independent function.
Example 3.23
Let f & g be two maximal independent functions of a IFG G.

g: 171.(1,0) 0,0.2) ,(0,0.2) 0,02) vg(l,o)
fiv(0.7,03)  (03,03)  1,(0.3,03) (03,0.3) v5(0.7,0.3)
Fig 2

Lethy =Af + (1 —1)g where 0 < A< 1.Here A = 0.4 then
hoa(vy,v3,v3) = 0.4f + (1 — 0.4)g
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= 0.4[(0.7,0.3),(0.3,0.3),(0.7,0.3)] + (0.6)[(1,0), (0,0.2), (1,0)]
=[(0.28,0.12),(0.12,0.12),(0.28,0.12)] + [(0.6,0), (0,0.12), (0.6,0)]
=[(0.28 + 0.6,0.12 + 0),(0.12 + 0,0.12 + 0.12), (0.28 + 0.6,0.12 + 0)]
ho.4(vy,v,,v3) =(0.88,0.12),(0.12,0.24), (0.88,0.12).
hg 4 is @ maximal independent function of G.

h: v,(0.88,0.12) v,(0.12,0.24) ,(0.88,0.12)
1 o (0.12,0.24) o (0.12,0.24) 3 ®
Fig 3

Note 3.24

By Theorem 3.17, Every maximal independent function of an IFG G is an minimal dominating function. In
the above example h; is maximal independent function and also a minimal dominating function.

In Figure 2, Py = {vy,v;,v3}, Pig ={v2}, Bif = By = {v1,v3}, Pif U Py = {v1,V,,v3} and B;r N
Biy = {v1,v3} then Bif N Biy = Pir U Py = {v,v3} = {v1,v2,v3}. That is {vy, vy, v3} —{vy,v3} =
{v,}is adjacent to a vertex in v; and v; .

Remark 3.25

The convex combination of two independent functions of an IFG G, need not be an independent
function of an IFG.

Remark 3.26

Let f and g be two independent functions of an IFGG. Let hy = Af + (1 — A)g, where 0 < A< 1.
Then h; is an independent function if and only if P;r U Pjg © Bir N Byy.

ig =
Example 3.27
Let f, g and h, are independent functions of G in Figure 4 as given below and also take A = 0.2 (Refer
0.25,0.2
Table 1) F1,(025,02 ( ) 1,(0.25,0.2

(0.25,0.2)

(0.25,0.2) (0.25,0.2)

0.25,0.2
7l ) 5(0.25,0.2)
(0.25,0.2)
Fig 4
Table 1
vy v, V3 vy dy,[v] dy,[v]

V ve V vVE
|74 |4
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f (0.25,0.2) (0.25,0.2 (0.25,0.2) (0.25,0.2) 1 0.8

g (0.75,0.1) (0.1,0.2) (0.1,0.3) (0.05,0.3) 1 0.9

h (0.65,0.1 (0.21,0. (0.29,0.28 (0.09,02 1 0.88
2) 2) ) 8)

Lemma 3.28

Let fand g be two maximal independent functions. Then either all convex combinations of
f and g are maximal independent functions or none of them is an maximal independent functions.
Proof:

Let hy = Af + (1 —2A)g where 0 < A < 1. Suppose that h; is an maximal independent function and

let 1 # A;. We claim that h; is an maximal independent function.

let vEV . Suppose hy(v) =, (v) =00<v;(v)<1). Then f(v)=gw) = (u;(v) =0,0<
v1(v) < 1). Since f and g are maximal independent functions, we have f(dy, [v]) =1, f( dy,[v]) <
1 andg(dy,[vD) =21, g( dNV[v]) < 1. Hence it follows that h; (dy, [v]) =1, hl(de[v]) <1.

Now suppose hy (v) = (u1(v) > 0,0 < v{(v) < 1). Then either f(v) = (u;(v) > 0,0 <v;(v) <1)or
gw) =) >0,0<v;(v) <1). Hence b, (v) = (1 (v) > 0,0 <v;(v) <1). Since hy is an
maximal independent function, h; (dNu [v]) =1, h,l( dy, [v]) < 1sothat f (dNu [v]) =g (dN” [v]) =
1 &f(dy,[v]) = g(dw,[v]) < 1. Hence hy (dNH[v]) =1 and hy(dy, [v]) < 1. Thus P, S By, and
ha(dy, [v]) =1and hl(de [v]) <1 forallv € V. Hence h; is an maximal independent function.

Example 3.29
Let f, g, hy and hy are maximal independent functions of G in Fig 1 as given below and also take A(=

0.7) # A,(= 0.2) (Refer Table 2 & 3)

Table 2
121 12 VU3 V4 Vg

f: (0,0.2) (1,0) (0,0.3) (1,0) (0,0.4)

g: (0,0.3) (0.5,0.3) (0.5,0.2) (0,0.1) (1,0)
hy7: (0,0.23) (0.85,0.09) (0.15,0.27) (0.7,0.03) (0.3,0.28)
hgo: (0,0.28) (0.6,0.24) (0.4,0.22) (0.2,0.08) (0.8,0.08)

Table 3

dy,[v] =1 dy vl <1
V1 Vy, V3 Vy Vs V4 Vs V3 V4 (433
f: 1 1 2 1 1 06 05 03 0.7 0.6
g: 1.5 1 1 1.5 1 06 08 06 03 04

he-: 115 1 17 115 1 0.6 059 039 058 0.54
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heo,: 14 1 12 14 1 06 074 054 038 044

Observation 3.30:

The intuitionistic fuzzy independent domination number can be computed in a greedy way:
Begin by assigning membership and non membership weights of 1 and 0 to each vertex, and then simply
decrease membership weights and put zero to non membership weights on vertices (in any order),
ensuring that each closed neighbourhood degree of the vertex has a membership weight of equal to one
and a non membership weight of less than one. When the last vertex is reached, the sum of all the
membership and non membership weights will be il-f#1 (G) and iifvl (Q).

The intuitionistic fuzzy independence number can be computed in a greedy way: Begin by
assigning membership and non membership weights of 1 and 0 to each vertex, and then simply
decrease membership weights and increase non membership weights that are strictly greater than or
equal to zero and not equal to one on vertices (in any order), ensuring that each closed neighbourhood
degree of the vertex has a membership weight of at least one and a non membership weight of less
than one. When the last vertex is reached, the sum of all the membership and non membership weights

will be By, (G)and By, (G).
4. Conclusion

In this paper, we introduce the concept of independent function, maximal independent
function, convex combinations of two independent function, convex combinations of two maximal
independent function, intuitionistic fuzzy independent domination number, intuitionistic fuzzy
independence number, boundary set and positive set of an intuitionistic fuzzy graph(IFG) have been
discussed. The intuitionistic fuzzy dominating set and its function has been commonly used for routing
and broadcasting the information to the mobile devices in mobile networks. In Further, we will study the
real life problems can be premeditated and solutions can be predicted by using these intuitionistic fuzzy
graphs.
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