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Abstract:

Inventory is one of the most expensive and important assets to many companies. In this paper, inventory model
for both buyer and vendor are considered together under fuzzy situation and whose parameters are different fuzzy
numbers. Aim is to minimize the integrated total cost function. Signed distance method and Graded Mean
integration method are used for defuzzification process. A numerical example is given to demonstrate this method.
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1. INTRODUCTION

In traditional inventory management systems, the economic-lot-size (ELS) for a vendor and a purchaser
are managed independently, that is, the vendor finds their own optimal order quantity. As a result, the
ELS of purchaser may not result in an optimal policy for the vendor and vice versa. To overcome this
problem, researchers have studied joint economic lot size (JELS) model where the joint total relevant
cost (JTRC) for the purchaser as well as the vendor has been optimized. Goyal [1] first introduced an
integrated inventory policy for a single supplier and a single customer and derived the minimum joint
variable cost for the supplier and the customer. Banerjee [2] introduced the JELS model for a single
vendor and a single customer and obtained the minimum joint total relevant cost for both buyer and
vendor at the same time with the assumption that the vendor makes the production set up every time
the buyer places an order and supplies on a lot for lot basis. An integrated inventory model that allows
the two trading partier to form a strategic alliance for profit sharing may prove helpful in treating down
the traditional barrier.

Various types of uncertainties and imprecision is inherent in real problems. They are classically
modeled using the approaches from the probability theory. However, there are uncertainties that
cannot be appropriately treated by usual probabilistic models. The question arise how to define
inventory optimization tasks in such environment and how to interpret optimal solutions. Therefore it
becomes move convenient to deal such problems with fuzzy set theory rather than probability theory.
Fuzzy concepts have introduced in EOQ models. Park developed a fuzzy EOQ model using extension
principle. In 1999, Chang presented a membership function of the fuzzy total cost of production
inventory model and use extension principle and centroid method to obtain an estimate of the total cost
and to obtain an estimate of the total cost and to obtain the economic production quantity.
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2. PRELIMINARIES

2.1 Fuzzy set
Let A be a classical set, pz(x) be a function from A to[0,1]. A fuzzy set A with the membership function
Wz (x) is defined by

A= {x, ui(x)); x€A, uz (x) €[0,1] }.

2.2 Fuzzy Number
A fuzzy subset of real number with membership function pj : R - [0,1] is called a fuzzy number if

1. Ais normal, that is there exists an element Xo such that Hz (xo) =1

2. Ais convex that is Hx (Ax1+ (1-A) X2) 2 pg(x1) » px (x2) V x1, x2e R& A € [0,1]
3. gz is upper semi continuous;

4. Supp (A) is bounded, here Supp(A) = supp {XeR: Hz (x) > 0}.

2.3 Triangular Fuzzy number
A fuzzy number A= (a1, a2, @3) With ai< a,< as is triangular if its membership function is

defined as
X—a
L whena; <x < a,
az—ag
az—
% (x) = when a, < x < a
HA( ) 33_32' 2 = —= 3
0 otherwise

2.4 Pentagonal Fuzzy Number
A pentagonal fuzzy number A= (a,b,c,d,e) is represented with membership function Hz (x) as

—

>
[V

,whena<x <b

X o
T o

,whenb<x <c

=x

o
,when x=c

d—x

— ,whenc< x <d

d-c

— [whend <x <e

Hz (x) =

\

oo
111
o

0 otherwise

~—

2.5 Fuzzy arithmetical operations in Triangular Fuzzy number
Suppose A = (a1, a, a3) and B = (by, by, bs) are triangular fuzzy numbers then the arithmetical operations
are defined as
i.  Addition
A+B =(ar+by,a2+by,as+bs)
ii.  Subtraction
A - B =(as- bs, ar-by, as-by)
iii.  Multiplication
A x B = (a1by, azbs, asbs)
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iv. Division

z\gg:(a_l 2 a_s)

by’ by’ by
V. Scalar multiplication

ax i = {(aal, aa,, aaz),a =0 }
(aaz,aa,aaz), a < 0

2.6 Defuzzification:
Let A be a fuzzy set defined on R. then the signed distance of A is defined as,
dr(A, 0) = W’:& for defuzzifying triangular fuzzy number A= (a1, a,, a3).

Graded mean integration representation for defuzzifying the Pentagonal fuzzy number A= (a1,
a;+3a,+ 4az+ 3a,+ as
12

a2, a3,a, as) is defined as d¢ (A) =

3. CRISP INTEGRATED INVENTORY MODEL
This section gives the classical integrated inventory model for both buyer and vendor.

3.1 Assumption and Notations:
Following assumption and notation are considered
3.1.1 Assumptions:

1) The demand rate and production rate production rate are deterministic.

2) Manufacturing set up cost ,ordering cost , unit inventory holding cost for the vendor and the
buyer’s ,are known
Single vendor and single buyer are considered

3) There is a single product

4) Shortage are allowed

5) The vendor makes the production set up every time the buyer places an order and supplies on a
lot for lot basis.

3.1.2 Notations

d :demand

P. : Rate of production

Cy : The production cost per unit

P. : The purchase cost paid by the purchaser per unit
A: The purchaser’s ordering cost per order

Sy : The vendor’s set up cost per set up

r : Annual inventory carrying cost per dollar

q: The order quantity

3.2 THE MODEL FORMULATION
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Based on the above notation and assumption, the total expected annual cost for the purchaser is given
by TEP.= Ordering cost + Holding cost

Since A is the ordering cost per order, the expected ordering cost per year is given by (S)A. The
expected holding cost per yearis 1p. (g) Hence the total expected annual cost for the purchaser is
given by TEP, (q)=(g)A+rpc (%)
For the vendor’s inventory model, its expected annual cost can be represented by

TEV, = Set-up cost + Holding cost.
Since the vendor’s setup cost per up and the production quantity for the vendor in a lot will be mq, its

.. d . . .
expected set up cost per year is given by(m—q) Sy. Here we consider m=1, where m is an integer

: o d
Hence its expected set up cost per year in given by(a) Sy-

The vendor produces the item in the quantity of mq, and the Purchaser would receive it m lots, with
which each having a quantity of q.

Average inventory cost for vendor is as follows,
@+ m-DD)-DE] [ +2+-+m-Do)
_Mmalp, i d) ~ 2P, d m=2q
v mq

d
=2(m(1-5)-1+5)
d

Since m=1 We have the vendor’s holding cost per yearis rV; (g) (P—)

; - (4 ) (4
Hence the total expected annual cost for the vendor is TEVC—(q)Sv+rVC (2)(Pr)

Hence the joint relevant cost is given by F(q) = (g) Sy +A) + % (PiVC + PC)

The objective is to find the optimal order quantity which minimizes the joint relevant total cost.

On considering the derivative with respect to g and equated to zero we get,

2d(S, + A)

r(P%VC +F)

4. FUZZY INTEGRATED INVENTORY MODEL WITH FUZZY ORDER QUANTITY

4.1 Fuzzy Integrated Inventory Model with Fuzzy Order Quantity using Triangular Fuzzy
Number
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In this section, we consider the integrated inventory model with all parameters as fuzzy and they are
represented by non-negative triangular fuzzy numbers as follows.

d = (dy,d,, d3) Sv=(Sv,, Sy, Sv, Ve=(Ve,» Ve, Ve,) P=(P.,.P,. P,)
P.= (Pc1: 2’ Pc3) A =(A1,Az A7) F=(ry,rpr3)

Also the order quantity is represented by the triangular fuzzy number §=(q4, g5, q3) with

0=q1 =92 =qs.

Fuzzy total cost for purchaser= [(d @ §) ® A] @ [F QP ® g]

Fuzzy total cost for vendor = [(a %) q) X §V] &b E RTFR Vc(a %) T’})]
The fuzzy total relevant cost of this model is

F@= [0 @G, @A) 0 [07® (d 0 F)8V. & F

Which is  reduced to triangular  fuzzy number F(§) =  (Fy,F,F3) Where
di (Sy, +A ry (d{V, d, (Sy, +A r, (d,V,
F, = 1(v1 1)+q11(1C1+PC1) F, = 2(V2 2)+QZ 2(2c2+PC2>
qds 2 P, dz 2 P,

ds (Sv3 +A3)  qars d3Ve,
3 = + + PCS
di1 2 P,

After defuzzifying F(g) by signed distance method we get P[F(q)]=%[F1+2F2+F3]

1)|ds (Sv1 + Al) qqrq (d1Ve, d; (Sv + Az) qarz (d2Ve
== P 2 2 2
; + 5 + s + + 3 + PC2

d3 (Sv3 +A3) +q3r3 d3 ¢y
di1 2 C3

Now differentiating P[F(§)] partially with respect to q; and equate to zero we get,

(U SN ALY

0q; 4 a 2\
- 2d3 (Sy; +A
6(P[6F¢)]) =0 Weget,q; = %
0 rl( Pr31+Pc1)
2d,(Sy, +A 2d, (Sy,+A
Similarly we obtain,q, = % and qs = %
rz( Pr, +P€2) r3( Prq +PC3)
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We see that q;>q,>q3 hence it does not satisfy the constraint 0<q; < q, < q3.
Hence we adopt the Lagrangian method to find the solution of q4,q, and q3

So we convert the inequality constraint q, — q; = 0 in to the equality constraint g, — q; = 0 and then
minimize P[F(§)] subject to g, — q; = 0.we have the lagrangian function as

L(q1,92,93,A) = P[F(@] —A(q —q1) Where, X are the Lagrangian Multipliers

Differentiate partially with respect to g and equate to zero we get,

oL —d; (S,. + A d,V
4[ 3(v3 3)+r1(1C1+Pc1>]+7\

6q1 q% 2\ P,
oL d, (S,, +A r, (d,V,
oL _ [ 2(v2 z)+z<zc2+PC2>]_A
oL _1[-d; (SV1 +4A) ] d3Ve, P
dq; 4 q3 2\ P, ‘s
JL
E7N =q2—q1
Equating to zero we get,
2[d3 (Sy, +A3) +2d; (Sy, +A2)] _[2d; (Sy, + A1)

q1 = q2 = 3=

a5V,
I3 ( P, S 4 Pc3)

1

dlvc dZVc
ry ( P L+ Pcl) + 2r, ( P, 2+ PCZ)
L(q1,92,93,A) = P[ F(CI)] Mgz —q1) —A(q3 —qz)

oL 1[—-d;(Sy, +A r; (diV,
_=_[ 3(V; 3)+1<1c1+P )]-l—)\
dq; 4 q1

oL 2[|—=d,(Sy, +A d,V,
_=Z|: Z(Vz 2)+r2<2C2+PC2>] A-'—A

99, Q%

oL —d, (sv1 + Al) rs

— = S+P. |2
aq3 4 q3 2 3

Equating to zero we get,

2[d3 (Sy, +A3) +2d, (Sy, +Az) +d; (Sy, +A1)]
d,V, d,V, dsV,
ry ( },r:l + Pcl) +2r, ( f;r:Z + PCZ) +13 ( pr:?’ + Pc3)

Hence we can get q* is an optimal solution to problem.

*

d1 =q2=q3 =qQ =

4.2 Fuzzy Integrated Inventory Model with Fuzzy Order Quantity using Pentagonal Fuzzy Number
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In this section, we consider the integrated inventory model with all parameters as fuzzy and
they are represented by non-negative Pentagonal fuzzy numbers as follows.
d=(dy, d,,ds3,dg, ds) Sv=(Sv,,Sv,,Sv,» Sy, Svs Ve=(Ve,, Ve, Ve, Ve, Ve, )
P=(P, P, Py Py Py ) Po=(Pey P, Py PeyiPe,) A=(Ag, Az, Ap Ay As) T =(rq,rp,T3,T4,Ts)

Also the order quantity is represented by the pentagonal fuzzy number §=(q4, 92, q3,q4,qs) With
0=q1=Q02=03 =04 =Qs.

Fuzzy total cost for purchaser= [(d @ §) @ A] @ [F QP ® ;q]

Fuzzy total cost for vendor = [(a %) q) (03] §V] &> E RTFR Vc(a %) T’})]

The fuzzy total relevant cost of this model is

F= [0 )G 080 [10r® (d @F)8V. ®F|

Which is reduced to pentagonal fuzzy number F(§) = (Fy,F,, F3,Fy Fs) Where
dq (Sv1 +A1) qir d1Vc1 d (sz +A2) 4272 dzvcz
1= + + Pcl F2 = + + PC2
ds 2 Prs d4 2 Pr4
d; (S, +A r; (ds3V, dy (Sy, +A ry (d,V,
F3:[3(V3 3)+q33(3C3+PC3)] F4=[4(v4 4)+Q44<4c4+PC4)]

d3 2 P, d2 2 P,

ds (S, +A re (dsV,

F5=[5(V5 5)+q55<5c5+pcs>]
d1 2 Pr1

- 1

1 [d{(Sy. +A d,V 3 1[d, (S,. +A r, (d,V,
__[1(v1 1)+q1r1<1C1+Pc1>]+_[2(V2 2)+QZ 2<2c2+PC2>]

12 Qs 2 \ P, 12 Q4 2 \ P,
+i d3 (Sv, +A43) CELE dsVe, P +i ds (Sy, +A4) 4 dals da Ve, 4P
12 qs 2 P, e 12 dz 2 P, Ca
1 [ds (Sy. +A re (dsV,
L 5(v5 5)+Q55 5c5_|_PC
12 di1 2 P, 5

Differentiate with respect to gq: and equating to zero we get,

O(PIF@I) _ 1 [=ds (Sus+4As) 1 (diVe,
dq, 12 q? 2\ P €

2ds (Sy. +As)
+ Pcl)] =0 weget q;= r(zlvc—fS
1

1 [M Y (&
= +Pe, )

12 q3 2\ P

I's
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Similarly, we get

2d, (Sv,+A4) 2d3 (Sy, +A3) 2d; (Sy, +A;) 2d4 (Sv, +A,)
2V, 3Vcg ) d4Ve, 5 (dsvcs
+P +P +P
Y cy s c3 Y cyq I's B +Pc,

We see that q;>q,>q3 > q4>qs hence it does not satisfy the constraint 0<q; < g, < q3 < q4 < (Qs.
Hence we adopt the Lagrangian method to find the solution of q1, q3, q3,q4 and gs.

So we convert the inequality constraint q, — q; = 0 in to the equality constraint q;, — q; = 0 and then
minimize P[F(§)] subject to g, — q; = 0.we have the lagrangian function as

L(q1,95,93,A) = P[F(@) —]A(q, — q;) Where Ais the Lagrangian multipliers

DifferentiateF(El) partially with respect to g and equate to zero we get,

oL 1 [—ds (Sy. +A ry (dqV,
= [—5("5 3)+—1<—1C1+PC1>]+A

dq; 12 9 2\ P,

oL 3 [—d, (Sy, +A,) 1, /d,V.

oL _ 2 4(v; 4)+_2 2C2+PC 1
aq, 12 Q2 2\'p, 2

oL 1[-ds (Sy, +A3) LT dsVe, P oL 1[-d, (Sy, +Az) LT dyVe, P
dq; 4 qz 2 ‘s Ca

Pr3 aQ4 B 4 qi 2 Prz

L 1[—-d{(Sy, + A dsV,
GO NAC)

aqs 4 q’ 2\ P,
oL
ﬁ=CI2—Q1

Equating to zero we get,

2(ds (Sv, +As) +3ds (Sy, +As))
A V.
ry ( ;,r:l + Pcl) + 3r, ( ;,r 2 4 Pcz)

4

q1 = Q92 =

2d3 (Sy, +A3) _[2dy (Sy, +A;) _[2dy (Sy, +A)

q3 = q4 = 5 =
d3Ve d4VC4 d5VC5
(o)) Julen) o (e

2

Now the Lagrangian function with multipliers A; and A,.

L(Qp d2,93,94, %,7\) = P[F(Q)] — X092 —q1) —22(q3 — q2)

We can obtain a solution from differentiating L(ql,qz ,q3,q4,q5)\1,7\2) with respect to q and

equating to zero we get,
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Now the Lagrangian function with multipliers A; ,,A, and A3

oL 1 [ds (Sy, +A3) 1 [(dyV
_ L[4 (st Ay) i(;”wcl)]ﬂl
I's

dq; 12 9 2
OL 3 [-ds(Sy, +As) 1y [(d;V,
— = “==24P |2 +2A
aq, 12[ q3 T3 P, T Fe, 1A
aL ds (Sy. +Az)  rs [(d3V,
L=ds B, +83) s AV, Y]y
aq; 4 92 2\ P, 3
aL d, (Sy. +A,) 1, (d.V, oL 1[—d; (Sy. +A;) re/dsV,
el [ Z(Vz 2)+ 4<4C4+Pc4>] _:_[ 1(v; 1)+_5<5c5+PC5>]
9q, 4 Qi 2\ P, dqs 4 qs 2\ P,
oL aL

a:%—%ia—}\z:%—%

2(ds (Sy, +As) +3ds (Sy, + As) + 4d3 (Sy, +As))

d,V. d,V. dsV
ry ( P S PC1> + 31, ( Pr:I + PCZ) + 4r, ( P: + PC3)

5

q1 =92 =q3 =

2d, (Sy, +Az) _[2d; (Sy, +Ay)

d4vc 4 = dSVc
(ot ) s Prf”%)

2
L(d1,92,93,94,95 A) = P[F(@] — 21(42 — 91) — 2,(q3 — q2) —A3(d4 — q3)

qs =

We can obtain a solution from differentiating L(ql,qz,q3,q4,q5,7\1,7\2,7\3) with respect to q and
equating to zero we get,

oL 1 [-ds(S,. +A ry (d{V,
_=_[M+_1<i+pcl>]+}\l

dq, 12 ai 2\ B

aL 3 _d4_ (SV4_ + A4) rz dzvcz

— = = ==24P._ |[-2+2
aq, 12[ Q3 T3 P, Tl 1+ 42
aL 1 __d3 (SV3 + A3) r3 d3 C3 1
_——_—3 =7 P —

o 1| 2 + P + P, Ay + A3
oL 1[-d, (S,. +A ra (daV ]

oL _ - 2(v§ 2)+_4<4c4+PC4> —7\3

dq, 4| 9z 2\ P, |

oL 1[-d, (svl + Al) rs (dsVe, s p

dqs 4| qz 2 P, Cs
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6L_ 'GL_ _aL_
a}\—QZ (h;a}\z—% Q2’6)L3—Cl4 ds

2(ds (Sv, +As) +3ds (Sy, + Ag) + 4d; (Sy, +Az) +3d; (Sy, +4;))

d, Ve
rq (Tsl-i_ PC1> + 31'2 (

q1 =92 =(3 = (4 = a5V,
P, 3 +Pc3>+3r4<

3

dZVc
P, Z 4 Pc2> + 4r3<

4

Ve,
S pc4)

2d; (Sy, +4)
d
r5< + PCS)

Now the Lagrangian function with multipliers A; ,A,,A3 and A,

Js =

SVCS

P

L(‘h: q2,493, 94, QS,A)= P[F(Q)] —M(az2 —q1) —22(q3 — 92) —2A3(d4 — q3) — A4(g5 — q4)

We can obtain a solution from differentiating L(ql,qz ,43,94,q5 A ,7\2,)\3,7\4) with respect to q and
equating to zero we get,

oL 1 [—ds (Sy, +A3) 1y (dyV,

— = = S —|——+ PC1 + 7\1

dq, 12 q? 2\ P

OL 3 [-ds(Sy, +As) 1y [(d;V,

— = = ==24P._ |[-2 +2
dq, 12 [ q3 2\ P, Tl 1+ 42
oL  1[—ds(S,. +A r. (daV ]

oL _1[=ds (S, +4y) 3<&+pcg> Y
aqg 4 | q3 2 PI‘3 ]

aL 1 __dz (SVZ + Az) 1'4 d4VC4 1

— = —= L =P )=+
dq, 4| Q3 2\ P, e | 3t
oL  1[-d, (S,. +A re (dsV. ]

S _z 1(v; 1) _5<5c5+PC5> +7\4

dqs 4| qz 2\ P, |

oL oL oL oL

O q2 q1’67\2 =(q3 —(q2; s =4q4 —Q3; o, Js — qa

d1=092=q3=0qs=qs =q"

2 (d5 (Sy, +As) +3d, (Sy, + As) +4d;3 (Sy, +As) +3d, (Sy, +Az)+d; (S, + Al))

dlvc VC
rq (Tsl S+ PC5>

V d
4 5
PrC4+PC4)+r5( P
Hence we get q*an optimal solution to problem.

4V, d
P S 4 PC3) + 3r4<

rs

d, Ve
P, 2 +PC2) +4r3<

4

+ PC1> + 3r2<

2 rq
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5. NUMERICAL EXAMPLE

Consider any inventory system with following characteristics.

In which yearly demand is close to 1000 units, vendor’s annual rate of production is nearer to 3200
units /year . The purchaser ordering cost per order is also close to 100S. The vendor’s set up cost per set
up is nearer to 400S The unit production cost is nearer to 20. The annual inventory carrying cost per
dollar invested in stocks is close to 0.25 . Determine the optimum order quantity.

Crisp Sense Triangular Fuzzy Number Pentagonal Fuzzy Number

a=(d1’ dz: d3; d4; ds)
=(950,975,1000,1025,1050)
SV =(SV1’ SVz’ SV3’ SV4’ SVs)
=(300,350,400,450,500)

Demand = 1000 units | d=(d;, d,, d3)=(975,1000,1025)

gV =(SV1’ SVz’ SV3)
= (350,400,450)

setup cost = 400 S

Production cost =20 S

\7:3= (VC1' VCz’ VC3)

\7;:=(VC1’ VCz' VC3'VC4’ VCSI)

- (18,20 ,22) ~(16,18,20,22,24)
Purchase cost = 25$ Pe= (P, P, P,) Pe= (P, P, Py, Pe, Py )
= (20,25,30) =(15,20,25,30,35)
Production rate = 3200 P=(P.,, P, Pr,) P=(P.,, P, P, P, Pr.)
units =(3100,3200,3300) =(3000,3100,3200,3300,3400)
Ordering cost = 100 $ A =(A;,AyA) A =(A, Ay Ay AL AY)
=(85,100,115) =(70,85,100,115,130)

Holding cost = 0.2$

F=(r,rp13)
=(0.1,0.2,0.3)

I =(ry,rp, 13,14, Ts5)
=(0,0.1,0.2,0.3,0.4)

Fuzzy order quantity

q*

*

q

(390.975,390.975,390.975) | =(379.79,379.79,379.79,379.79,379.79)

F@) = F(§)=(925.51,1597.52,2503.36,3648.31,50
(1579.73,2500.65,3667.22) 37.83)

Minimum fuzzy joint
relevant cost

6. CONCLUSION

This paper presents integrated inventory model under uncertain environment in two different cases
using triangular and pentagonal fuzzy numbers. The defuzzification of the triangular and pentagonal
fuzzy numbers was accomplished with the help of signed distance and graded mean methods
respectively in order to derive the optimal solution. This serves to be an easy tool for the buyer and
vendor in elevating the profit and depreciating the total cost.
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